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qr����Yxi s6�

A�]_���G�-qr^ts���VRS��à�-^ts��8Yxqâs�d�� �-¡�1�] s�c@� `b^ l�Yx�b�G�-l�s�cb]�i_�-^ts�l�YÈs`_ �^a �DA�]��Z�-qr^as�y Y��8Yxqâs�d�� �-¡b1�] s�c@� `b^
l�Yx�b�G�-l�shcb]�i_�-^ts�l�YÈsY_vV\�^a�Yxi_i_�-����Y"�-^b��c@� `b^�WG�h�Lf(}�. �
A�]à�blm�_�m]_^ts�l�Yx�b�G�-l�sgi_�-^bi_]_lm^b]3dr]��G�-qr^ts�z	�2A�]_�g��� s�jb�	cb]_�g`�s�qrdrqr�m�_]_�c1�`b�mwa`@� S��blm�_�m]_^as�lm]_�Z�-��Yxqr]_^ts
]_�m�m]_^ts�qr]_drdr]_��]_^ts��m`bl�cb]_��cb]_�mi_lmqr��s�qr�-^b���m]_��qv�$]_���bqrlmqâwa`b]_�¢cb`àinj�Yx����c@� �_i_�-`bdr]_��]_^ts(c�Yx^b��dâ]�1�] s�qr�m�m`
c@� `b^b]~s�`��P�_lm]��m�-`b�L�$cb� s�]_^bcb`b]x�OA:� qr����Yxiks(c@� `b^U1�] s(�m`bl(`b^3�-¡b��snYxi_dr]~� snYxqâs�s�l�Yxqâs��~��Yxl�`b^b]�Yx�b�blm�	injb]
dr�	i6Yxdr]xX	]_^�i_�-^b�mqrcb�_l�Yx^ts6X��G�-`bl(inj�Yxwa`b]&�_dr�_��]_^tshcb]���Yxlm�-q X�dr]_�(��Yxl�Yx�R� s�lm]_�(dr�	i6Yx`	�àwa`bq�i6Yxl�Yxi s��_lmqr�m]k�
l�Yxqr]_^tshdr]71�] sh]_^ i_]��Z�-qr^as(]_^�d�� Yx¡b�m]_^bi_]&cb]���Yxlm�-q �
�~Yx^b�pi_]�l�Yx�b�G�-l�s6X�dr]_�51�] s��p] spdr]_`blm��qr����Yxi s��&�m�-^tspcb�_i_lmqâs��p�m`bl�deY�¡�Yx�m]�cb]_�p�_wa`�YÈs�qr�-^b�\�-�_^b�_l�Yxdr]_�
cb]�deY����_i6Yx^bqrwa`b]&cb]_��J�`bqrcb]_�_��}~^�`�s�qrdrqâ�m]&`b^b]pYx�b�blm�	injb]�cb]�sK�	�G]ed ��qrdâqr] ` i_�-^ts�qr^a`DdÈXGwa`bq�i_�-^bcb`bqâs
S�cb]_���_wa`�YÈs�qr�-^b�g�blm�	injb]_��cb]_��� wa`�YÈs�qr�-^b�gcb]f$"Y6[	qr]_lL��oas���Wx]_�_�:A�]àl�Yx�b�G�-l�sgi_�-���blm]_^bc dr]_�g��Yxl�s�qr]_�
�m`bqâ[xYx^ts�]_�_�
V-�c6�lm] �Ò]k���G�-�m�&cb`����	c#�_dr]"s�jb�_�-lmqrwa`b]���dr]_�(�_wa`�YÈs�qr�-^b�hwa`�Yx�mq(�tY"B_�	c��	^�Yx��qrwa`b]_����
������ON
�	�"W�Yxdri_`bd�c@� `b^g1�] s��m]_`bd��bi_�-^�u,�-`bl�YÈs�qr�-^�Y9��qr���	��� s�lmqrwa`b]���i_�	�-lmcb�-^b^b�_]_�

r − z
�ON

���"W�Yxdri_`bd�cb]�d�� qr^as�]_l�Yxi s�qâ�-^3]_^ts�lm]&cb]_`	�g1�] s���] s�cb]&d�� qr����Yxi s(c@� `b^h1�] s��m`bl�`b^b]&��Yxlm�-q���Yxl�Yxdrd�� dr]p�
i_�-^�u,�-`bl�YÈs�qr�-^�s�lmqrcbqr��]_^b�mqr�-^b^b]_dâdr]g�

3D
�ON

yb�"W�Yxdri_`bdbcb]�d�� qâ����Yxi s�c@� `b^%1�] s¢�m`bl�`b^b]���Yxlm�-qb�G]_lm�Z]_^bcbqri_`bdeYxqrlm]��ti_�-^�u,�-`bl�YÈs�qr�-^�Y9��qr���	��� s�lmqrwa`b]
��i_�a�-lmcb�-^b^b�_]_�

r − z
�[N

A�](l�Yx�b�G�-l�s�lm]_�blm]_^bc�]_^ts�q��_lm]_��]_^as�dr](i_�-^ts�]_^a`�cb]_��^b�xs�]_��$ � �x{-{�V �nV%_vV9z!a�] sI$ � �x{-{�V ���\_ �^a�lm]_��qr�m]_�
�blm�_i_�_cb]_����]_^ts6�öW¢]_��cb]_lm^bq��_lm]_���Z]_`�[t]_^ts"cb�_�m�-lm��Yxqr�5Q s�lm]�q��-^b�-lm�_]_�_�

y



�~Yx^b�pdr]��blm�_�m]_^asgs�l�Y6[ÈYxqrd X¨�-^�� s�`bcbqr]�^	`b���_lmqrwa`b] ��]_^asp`b^b]�i_�-^�u,�-`bl�YÈs�qr�-^ cb]Y1�] s�Y9��qr���	��� s�lmqrwa`b]xX
d�� qr^ts�]_l�Yxi s�qr�-^3c@� `b^R1�] s~Y6[t]_i�`b^b]���Yxlm�-q¨] s"]_^�u�^�cb]_��1�] s��"��Yxl�Yxdrd��_dâ]_�_�9A�]_�"�_wa`�YÈs�qr�-^b�"`�s�qrdrqâ�m�_]_���m�-^ts
dr]_���_wa`�YÈs�qr�-^b��wa`�Yx�mq[�tY"B_�	c��	^�Yx��qrwa`b]_����
�������cb� [-]_dr�-�b�G�_]_�(qr^bqâs�qrYxdâ]_��]_^ts���Yxl5��dâq�B6Yxlm�9[ÈY&] s�W�jb] s��
[-]_lm`b�mj#Waqr^�]_^ V!�-�xy���]x� �b��_ �^a �k�öW�]p���	��si�_��]�c@� �_wa`�YÈs�qr�-^b�"]_��s�`b^b]pYx�b�blm�aikjb]��-lmq��-qr^�YÈdr]��G�-`bl"deY�cb]_�L�
i_lmqr��s�qr�-^�c@� �_i_�-`bdr]_��]_^ts��tY"B_]_`	��[	qr�mwa`b]_`	�öX¨Yx�b�blm�	injb]gwa`bq�Y�cb�'1;Sà� s���Yx�b�bdrqrwa`b�_]gSàcbq�Tö�_lm]_^ts����blm�È�
¡bd��_��]_���-d�� �_i_�-`bdr]_��]_^ts��m`b�G]_lm�m�-^bqrwa`b]hdr]�dr�-^#�~c@� `b^b]h�bdeYxwa`b](�bdeYÈ^b](��qr^bi_]�] s���] ��qv�$qr^�u�^bqr]xXÈ��Yxl�Yxdrd��_dâ]
S~d�� �_i_�x`bdr]_��]_^as,drqr¡blm]�_vV-VVa Xxd�� �_i_�-`bdr]_��]_^ts,�m`b�G]_lm�m�-^bqrwa`b]hYx`�s��-`bl,c@� `b^gcbqr�mwa`b](qr^�u�^bqr��]_^ts,��qr^bi_]��G]_lL�
�G]_^bcbqri_`bdeYxqrlm]USàd�� �_i �-`bdr]_��]_^ash_vV9|!a X�deY���s�lm`bi s�`blm]�c@� `b^b]g�-^bcb]gcb]�injb�	ij_vV\�^a Xö] s�dr]_��i_�-^�u,�-`bl�YÈs�qr�-^b�
c@� �-^bcb]_��cb]�injb�	i�c�Yx^b��cb]_�%1�] s����m�-`b�L�$cb� s�]_^bcb`b���Z�-`bl�cb]_���mqâs�`�YÈs�qr�-^b�gcb] lm��J�]k��qr�-^÷lm�V�-`bdâq��_lm]3] s
cb]&lm��J�]k��qr�-^ cb]g. Yxinjk_vV_y"a Xl_ �x{^a �OA¨Y�i_�-����Yxl�Yxqr�m�-^�]_^ts�lm]&dr]_���mqr�p`bdeYÈs�qâ�-^b�c$"Y6[	qr]_lL��oas���Wx]_�p��$~ob�(] s

���� ���-^as�lm]"wa`b]�dr]_���_wa`�YÈs�qr�-^b�4
���� �Z]_`�[t] ^as4Q s�lm]~]�C�i6Yxi_]_�h�G�-`bl�deY��mqr�p`bdeYÈs�qâ�-^�cb]~�blm�-¡bd��_��]_�
c@� �_i_�-`bdr]_��]_^ts����tY"B_]_`	��i_�-���bdr]k��]_�_�PA�]_���_wa`�YÈs�qr�-^b�I
����2Yx�b��Yxl�Yxqr�m�m]_^ts�Y6[ÈYx^asnY"�-]_`b�m]_����Yxl�l�Yx�b�G�-l�s
Yx`	���_wa`�YÈs�qr�-^b�7$~o�Yx`	�R�-l�Yx^bcb�¢^b�-�p¡blm]_�¢cb]<. Yxinj�X	��Yxl�]k��]_���bdr]�c�Yx^b�¢cb]_�¢�blm�-¡bd��_��]_��c@� �-^bcb]_��cb]
injb�	i�Y\[-]_i

Ma ≥ 5
�(��drdr]_�~�m�-^ts����-qr^b�~�m]_^b�mqr¡bdr]_��Yx`	��qr^b��snYx¡bqrdâqvs��_�~^a`b���_lmqrwa`b]_��qâ^bcb`bqâs�]_����Yxl~cb]_�

�-l�Yxcbqr]_^ts��(qr���G�-l�snYx^ts��_�
A�]_��¡�Yx�m]_��cb]_���_wa`�YÈs�qr�-^b�`
����C�m�-^ts�cbqr�mi_`�s��_]_�_X�]_^as�lm]�Yx`�s�lm]_��Yxl�s�qri_dr]_�_X,c�Yx^b�f_ �x�^ah] sF_ �-�!a ��m�^b]
lm] [	`b]&cb]_�hlm�_�m`bdâsnYÈs��(s�jb�_�-lmqrwa`b]_�h] s�^a`b���_lmqrwa`b]_�(u,�-`blm]�c�Yx^b�Y_vV\{^a �
�\� `b^b]"�8Y"n_�-^L�-�_^b�_l�Yxdr]xX	`b^à���	��si�_��]~c@� �_wa`�YÈs�qr�-^b���G�-`bl�cb]_���_i_�-`bdr]_��]_^ts��G�tY"B_]_`	��i_�-^b�mqr��s�]~]_^�s�lm�-qr�
�_wa`�YÈs�qr�-^b��Yx`	�3cb�_lmqâ[-�_]_����YÈlms�qr] drdr]_��wa`bq�s�l�Yxcb`bqr�m]_^ts
Yt��deYgi �-^b�m]_l�[xYÈs�qr�-^�cb]�deYp��Yx�m�m]����_wa`�YÈs�qr�-^3cb]�i_�-^tsnqâ^	`bqâs��\�

∂ρ

∂t
+ ∇iJ

i = 0,
�LV-�âV9�

¡Z��deYpi_�-^b�m]_l�[ÈYÈs�qr�-^�cb]�deYgwa`�Yx^ts�qâs���cb]����-`�[t]_��]_^ts
∂(ρuk)

∂t
+ ∇iJ

iuk + ∇kp = ∇iΠ
ik,

�LV-���-�
] s
i\��deYpi_�-^b�m]_l�[xYÈs�qr�-^3cb]�d�� �_^b]_l;�-qr]

∂E

∂t
+ ∇i

J i

ρ
(E + p) + ∇iq

i = ∇i(Π
ikuk).

�LV-� �t�

z



���-`bl���]_lm��]_l�dr]����	��si�_��]~�LV-�âV9� H �LV-� �t�kX6dr],[t]_i s�]_`blDJ�`	��cb]���Yx�m�m] J i X\dr],s�]_^b�m]_`bl�cb]_��i_�-^ts�l�Yxqr^ts�]_� Πik X] s�dr]�[-]_i s�]_`blGJ�`	��c@� �_^b]_l;�-qr]
qi cb�-qâ[-]_^ts��V� ]k���blmqr��]_l�]_^����-^bi s�qr�-^�cb]_����Yxl�Yx�R� s�lm]_����Yxi_lm�-�mi_�-�bqrwa`b]_�cb]gd�� �_i_�-`bdr]_��]_^tsg��deY�cb]_^b�mqâs��
ρ
X�deY�[	qâs�]_�m�m]

ui
X�] s�deY��blm]_�m�mqr�-^

p
�
E
cb�_�mq��-^b]gd�� �_^b]_l;�-qr]�s��xsnYxdr]p��Yxl

`b^bqâs���cb]�[t�-dâ`b��]
E = ρ u2 + p/(γ − 1)

X���o
u
]_��s�dr]����	cb`bdr]~cb]�deYp[	qâs�]_�m�m]x�

�"q�Tö�_lm]_^ts���injb�-qv��cb]
J i X Πik X qi i_�-^bcb`bqr�m]_^ts&Yx`	���_wa`�YÈs�qr�-^b�~cb]h$"Y6[	qr]_lL��oas���Wx]_���-`�Yx`	���blm�_�m]_^ts�]_��_wa`�YÈs�qr�-^b��
������,A�]_�h�_wa`�YÈs�qr�-^b�hcb]Y$"Y6[	qr]_lL��oas���W-]_�hcb�_lmqâ[-]_^ts�cb]

J i = ρui,
�LV-� ya�

Πik = Πik
NS = µ[∇kui + ∇iuk − (2/3)gik∇ju

j] + ζgik∇ju
j,

�LV-��z-�
] s

qi = −κ∇iT.
�LV-� �t�

3$i_q"dr]_����Yxl�Yx�h� s�l�] ��qâ���bdrqâwa`b�_�
ρ
X
ui
X¢] s

p
�m�-^as�cb]_�L�-l�Yx^bcb]_`blm��qr^b��snYx^tsnYx^b�_]_�����!�-]_^b^b�_]_�àc�Yx^b�

d�� ]_�m��Yxi_]h] s
Πik

NS

]_��s¢dr]�s�]_^b�m]_`bl�cb]_�¢i_�x^as�l�Yxqr^ts�]_��cb]c$"Y6[	qr]_lL��oas���W-]_�_�
µ
X
ζ
] s

κ
�m�-^ts¢lm]_�m�G]_i s�qâ[-]_��]_^ts

dr]_��i_�	]�C�i_qr]_^ts��(cb]"[	qr�mi_�-�mqâs��~c��	^�Yx��qrwa`b]xX	cb]~[	qr�mi_�-�mqâs��"]_^�[t�-dr`b��]�] s(cb]~i_�-^bcb`bi s�qâ[	qâs��"s�jb]_lm��qrwa`b]x�
W��-^ts�l�Yxqrlm]_��]_^ts�Yx`	�3�_wa`�YÈs�qr�-^b�hcb]Y$"Y6[	qr]_lL��oas���Wx]_�_XZ�mq�dr]_�(��Yxl�Yx�R� s�lm]_�hcb]�d�� �_i_�-`bdr]_��] ^as

ρ
X
ui
X�] s

p�m�-^ts¢cb� u�^bqr�¢i �-����](cb]_�¢���!�t] ^b^b]_�¢�m��YÈs�qr�È� s�]_���G�-lm]_drdâ]_�_Xxdr]h���	��si�_��]p�LV-�âV9� H �LV-� �t�,�Z]_`�s7Q s�lm](��]_lm���cb]�cb]_`	� Yx`�s�lm]_�h��Yx^bq��_lm]_�_Xb]_^���Yxl�s�qri_`bdrqâ]_l���Yxl

J i = ρ(ui − τ

ρ
[∇j(ρuiuj) + ∇ip]),

�LV-��|-�

Πik = Πik
NS + τui[ρuj∇ju

k + ∇kp] + τgik[uj∇jp + γp∇ju
j],

�LV-� �t�
] s

qi = −κ∇iT − τρui[uj∇jε + puj∇j(
1

ρ
)],

�LV-� �t�
��o

ε = p/(ρ(γ − 1))
X�] s

τ
]_��s�`b^�s�]_���b��i6Yxl�Yxi s��_lmqr��s�qrwa`b]�cb`=drqr�m��Y"�-]ps�]_���Z�-lm]_d X��Z�-`bl�dr]_wa`b]_d�deY

lm]_deYÈs�qr�-^ �m`bqâ[xYx^ts�]3Y�� s��3�blm�-�G�x��� ] �
τ = (γµ)/(Sc ρ a2)

X,��o
a
]_��s�deY [	qâs�]_�m�m]3cb` �m�-^4] s

Sc
dr]

^b�-�p¡blm]�cb]�o	injb��qrc�s6�(�Ò�-`bl�`b^p�tY"Bgcbqrdr`b�
Sc ∼ 1

X
a2 = γRT

X�] s
τ = µ/p

�hs�]_���b��cb]�lm]_deY9�bY9�
s�qr�-^�cb]L. Y9�	��]_drd X�wa`bq�]_��s�`b^ s�]_���b�&i6Yxl�Yxi s��_lmqr��s�qrwa`b]��blm�	injb]�cb` s�]_���b�&���!�-]_^=]_^ts�lm]�i_�-drdrqr�mqâ�-^b�
���-dr�_i_`bdeYxqâlm]_�_�
A�]_���_wa`�YÈs�qr�-^b���LV-�âV9� H �LV-� �t�kXöi_�-���bdr� s��_]_����Yxl��LV-��|-� H �LV-� �t�kXö�m�-^as�dr]_���_wa`�YÈs�qr�-^b�\
�����X�`b^����	��si�_��]wa`bqZ]k���blmqr��]hdr]_��dr�-qr��cb]�i_�-^b�m]_l�[xYÈs�qr�-^�cb]�deY���Yx�m��]ÈXacb]�deY�wa`�Yx^ts�qâs��hcb]����-`�[-]_��]_^ts�] s¢cb]�d�� �_^b]_l;�-qr]
s��xsnYxdr]~] s�wa`bq�]_��s"i �-����YÈs�qr¡bdr]�Y6[t]_i�dr]��m]_i_�-^bc �blmqr^bi_qr�Z]�cb]�deYps�jb]_lm���ac��	^�Yx��qrwa`b]x�
W�]_�"�_wa`�YÈs�qr�-^b���Z]_`�[-]_^as�Yx`b�m�mqlQ s�lm]&�-¡�s�]_^a`b]_�"]_^ �blm]_^�Yx^ts"dr]_�����-��]_^ts��h�m`bl�d�� ]_�m��Yxi_]&cb]_��[	qâs�]_�m�m]_�
vi
cb]�d�� �_wa`�YÈs�qr�-^ài_qr^b� s�qrwa`b]����ac#�_dr]

∂f

∂t
+ ∇iv

if (0) = ∇iτ∇jv
ivjf (0) +

f (0) − f

τ
,

�LV-�âV\{t�

�



��o
f = f(xi, vi, t)

]_��sàdeY����-^bi s�qr�-^÷cb]�cbqr��s�lmqr¡b`�s�qr�-^*S=`b^b]���Yxl�s�qri_`bdr]xX�] s
f (0) ]_��sàdeY ���-^biksnqâ�-^cb]~cbqr��s�lmqr¡b`�s�qr�x^�dr�ai6Yxdr]���Y9�	��]_drdrqr]_^b^b]�i_�-lmlm]_�m�G�x^bc�Yx^as�]x�#A�]_���_wa`�YÈs�qr�-^b����Yxi_lm�-�mi_�-�bqrwa`b]_���-¡�s�]_^a`b]_�

�G]_`�[-]_^ts�Q s�lm]��-�_^b�_l�Yxdrqr�m�_]_�cSgcb]_�c�tY"B�Y\[-]_i
γ 6= 5/3

] s�`b^�^b�-�p¡blm]�cb]Y��l�Yx^bc�s�d
Pr 6= 1

�
���-`bl�cb]_���_i_�-`bdr]_��]_^as���]_^g�8Yxqr¡bdr]�cb�_�m�_wa`bqrdrqr¡blm]xXxdr]_�����!�t]_^b^b]_���m��YÈs�qr�È� s�]_���Z�-lm]_drdâ]_�,] s�dr]_�����!�t]_^b^b] �
�m��YÈs�qeYxdr]_�g�m�-^ts��mqr��qrdrYxqâlm]_�_�:A�]_�����	��si�_��]_�e
���� ] s`$~o�cbq�T[�_lm]_^ts���Yxl�cb]_�gs�]_lm��]_��cb]3d�� �-lmcblm]àcb]
O(τ)

�����-`bl�cb]_���_i_�-`bdr]_��]_^ts�����snYÈs�qr�-^b^�Yxqrlm]_�_Xtdr]_�¢�_wa`�YÈs�qr�-^b�5
����M] sG$~o�cbq�T[�_lm]_^ts���Yxl¢cb]_�¢s�]_lm��]_�
cb�-^ts&d�� �-lmcblm]�Yx���	����s��xs�qrwa`b]g]_��s

O(τ 2)
�Z�-`bl

τ → 0
X��-`�X�c�Yx^b��dr]_���_wa`�YÈs�qr�-^b��Yxcbqr��]_^b�mqr�-^b^b]_drdâ]_�_X

O(Kn2)
�G�-`bl

Kn → 0
��A:� Yx�b�blm�\��qr��YÈs�qâ�-^�cb](deY"i_�-`binjb]hdrqr��qvs�]��G�-`bl,dr]_�,�_wa`�YÈs�qr�-^b�I
����«i_�-^bcb`bqâs

Yx`3���	��si�_��]&i_deYx�m�mqrwa`b]�c@� �_wa`�YÈs�qr�-^b�hcb]Y��l�Yx^bc�s�d �

|



°hq_³ HsrRtju%vDw�xUyjz?S|{ I }4y�~^x��2��te�Vu%vDwVx\y�u<�LwVz@�L���Gv(��wVrRte}
A�]_�p�_wa`�YÈs�qr�-^b�h
����N�-^tsg� s�����Yxl�s�qri_`bdeYxlmqâ�m�_]_�pYx`	� �_i_�-`bdr]_��]_^ts��gY9��qr���	��� s�lmqrwa`b]_�

2D
_vV9|!a ���¨[-]_i

dr]_�"i_�	�-lmcb�-^b^b�_]_���
r, z
��`�s�qrdrqâ�m�_]_�"c�Yx^b�~dr]��blm�_�m]_^ts�s�l�Y6[xYxqrd X�]_drdr]_�"�V� �_i_lmqâ[t]_^ts��m�-`b�"���-lm��]�[t]_i s��-lmqr]_drdr]

i_�-����]

∂U

∂t
+

∂F

∂r
+

F

r
+

∂F1

∂r
+

∂E

∂z
=

∂

∂z
τ

(

∂

∂z
V + p

∂Qp/ρ

∂z
+

p

ρ

∂Qp

∂z
+

1

r

∂rQ1

∂r
+

∂Q2

∂r

)

+

1

r

∂

∂r
τ

(

∂rW1

∂r
+ r

∂W2

∂r
+ p

∂Qp/ρ

∂r
+ r

p

ρ

∂Qp

∂r
+ r

∂Q1

∂z

)

+

∂

∂r
τ

(

1

r

∂rG

∂r
+

∂Q2

∂z

)

− 2τ

r2
G.

� �	�âV9�

}~^�Y�`�s�qrdrqâ�m�~dr]_�h^b�xsnYÈs�qr�-^b�

U =











ρ
ρuz

ρur

E











, E =











ρuz

ρu2
z + p

ρuruz

uz(E + p)











, F =











ρur

ρuruz

ρu2
r

ur(E + p)











, F1 =











0
0
p
0











, G =











0
0

pur

0











,

V =











ρu2
z + p

ρu3
z + 3puz

ρuru
2
z + pur

u2
z(E + 2.5p) + 0.5pu2

r)











, Qp =











0
0
0

γp/(γ − 1)











, Qp/ρ =











0
0
0

γp/(ρ(γ − 1)Pr)











,

W1 =











ρu2
r

ρu2
ruz

ρu3
r

u2
r(E + 2p)











,W2 =











p
puz

2pur

0.5p(u2
r + u2

z)











, Q1 =











ρuruz

ur(ρu2
z + p)

ρu2
ruz

uruz(E + 2p)











, Q2 =











0
puz

0
0











.

�
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$��-�p¡blm]�cb]U. Yxinj�]_^��m�-l�s�qr]�cb]�s�`����_lm]
Mae 5.813� ]_���G�_l�YÈs�`blm]�c@� Yxlml;Q s

T0
���&�

1100��lm]_�m�mqr�-^�c@� Yxlml;Q s
p0
���ÒYt�

16 × 105� ]_���G�_l�YÈs�`blm]�]_^��m�-l�s�qr]�cb]�s�`����_lm]
Te
���&�

141.8��lm]_�m�mqr�-^�]_^��m�-l�s�qr]�cb]�s�`��P�_lm]
pe
���ÒYt�

1230.� qâs�]_�m�m]�]_^��m�-l�s�qr]�cb]�s�`��P�_lm]
ue
�����È�n�

1411.� ]_���G�_l�YÈs�`blm]�c�Yx^b�hdr]%�tY"B�Yx�p¡bqeYx^as
T∞

���&�
293.��lm]_�m�mqr�-^�c�Yx^b�hdr]%�tY"B&Yx�p¡bqeYx^ts

p∞
���ÒYt�

1A�qr¡blm]���Yxlmi_�-`blm�h���!�t]_^3]_^��m�-l�s�qr]�cb]�s�`��P�_lm]
λe
�����

1.397 × 10−6$��-�p¡blm]�cb]\�~^	`bcb�m]_^
Kne = λe/(2re) 4.1 × 10−4� ]_���G�_l�YÈs�`blm]�cb]_�h��Yxlm�-qr�(�m�-drqrcb]_�

Tw1

���&�
293.� ]_���G�_l�YÈs�`blm]�cb]���Yxlm�-q�qr^ts�]_lm^b]�cb]�deY�s�`��P�_lm]

Tw2

���&�
450.

�I����� �	�âV H W��-^bcbqâs�qr�-^b�(cb]�d�� �_i_�-`bdr]_��]_^ts6X^1�] s58
A�]_��i6Yxdri_`bdâ�h�-^ts�� s��&]�Tö]_iksn`b� �"�G�-`blhdr]G1�]ksc8�XZcb�-^ts�dr]_�hi_�-^bcbqâs�qr�-^b�(]k�	s�l�Yxqâs�]_�hcb]`_ ��a X����x^as�cb�-^b^b�_]_�
c�Yx^b�gdeY�snYx¡bdr]3�	�âV-�2A�]_�gqr^bcbqri_]_�

e
] s ∞ cb�_�mq��-^b]_^ts�lm]_�m�G]_i s�qâ[-]_��]_^ts�deY �m]_i s�qr�-^ c@� �'1�]_i s�qr�-^ cb]àdeY

s�`����_lm]�] s�dr]_�hi_�-^bcbqâs�qr�-^b�(cb`f�tY"B&Yx�g¡bqeYx^ts6�#A�]&l�Y��-�-^�cb]&�m�-l�s�qr]�cb]�deYps�`��P�_lm]&]_��s
re = 1.7

����Xb] s
�m�-^3l�Y��-�-^�Yx`ài_�-dö]_��s

rc = 0.2
������A¨Y�s�`����_lm]YSp`b^3cbqâ[-]_l;�-]_^tshi_�-^bqrwa`b]~cb]�cb]_��qv�LYx^#�-dâ]

αe = 10◦
�

A�]~^b�-�g¡blm]"cb]���^a`bcb�m]_^�]_��s(cb� u�^bq�i_�-����]
Kne = λe/(2re)

�#A�]<�tY"B~cb]~s�l�Y6[xYxqrdG]_��shd�� Y"B_�xs�]g�
N2
�kX

Y6[t]_i
γ = 1.4

X
R = 296.8 � �b��W��b� �&�k�A�]�i_�	]XC�i_qr]_^as�cb]�[	qr�mi_�-�mqâs���cb]�d�� Y"B_�xs�]�]_��s�¡bqr]_^glm]_�blm�_�m]_^ts��h��YxlÒdeY����-lm�p`bdr]¢cb]ho	`�s�jb]_lmdeYx^bcg���acbqâu��_]

µ = 1.374 · 10−6 T 3/2

T + 100
, pour T > 100K,

� �a���-�

µ = 1.374 · 10−6 T

2
√

100
, pour T < 100K,

� �a� �t�

��o
T
]_��s�]_^F��]_dâ[	qr^�X�] s

µ
]_^F�,Y�� �_�

� �-`�s�] ���-qr�_Xt�G�-`bl¢dr]_���blm�_�m]_^as���i6Yxdri_`bdr�_Xtdr]�i_�a]�C�i_qr]_^ts�cb]h[	qr�mi_�-�mqâs��"Y�� s���qr^as�lm�acb`bqâs¢Y\[-]_i"`b^b]�cb�_�G]_^	�
c�Yx^bi_]�]_^��b`bqr�m��Yx^bi_]&cb]�deY�s�]_���G�_l�YÈs�`blm]R_ �Èy^a

µ = µref

(

T

Tref

)ω

,
� �	� ya�

s��-`b�"dr]_�"��Yxl�Yx�R� s�lm]_�"�G�-`blg� �	� ya��Y��tYx^ts��ksn���blmqr�"�m`bqâ[xYx^tsg_ |�a X[S���Y6[-�-qrl
ω = 0.74

X
µref = 1.656 ×

10−5 �ÒY�� �_X Tref = 273
�g�


~`b]_drwa`b]_�(���-lm�g`bdr]_��`�s�qrdr]_�(�Z�-`blh�blm�_��Yxlm]_lhdr]_�(cb�-^b^b�_]_���m�-^as�qr^bcbqrwa`b�_] �hi_qv�LYx�bl;�_���

�



A�qr¡blm]���Yxlmi_�-`blm�h���!�t]_^
λ =

µ

ρ
√

2πRT
× 2(7 − 2ω)(5 − 2ω)

15
.

� �	��z-�
��l�Yx^bcb]_`blm�hc@� Yxlml;Q s
p0

pe

= (1 +
γ − 1

2
Ma2

e)
γ/(γ−1),

T0

Te

= 1 +
γ − 1

2
Ma2

e,
ρ0

ρe

= (1 +
γ − 1

2
Ma2

e)
1/(γ−1).

� �	� �t�
A¨Yp[	qâs�]_�m�m]&��Y9��qr��YÈdâ]~�G�-`blhdr]71�] shwa`bq��m]&cb� s�]_^bc�c�Yx^b��dr]"[	qrcb]

Umax =

√

2(
p

ρ

γ

γ − 1
+

u2

2
) =

√

2 p0

ρ0

γ

γ − 1

� �	��|-�

]_��s��V�tYxdr]�SàV9z	V9�p���È�(�G�-`bl(dr]�i6Yx�hi_�-^b�mqrcb�_lm�x�

°hq�� �Lx��2��te�Vu%vDwVx\y��jt¡ j��xY¢j��£4��}�}Gv��7x\yj�ewXvDwVx\yjz�uYt`�¤��wV��wXvD}cz
A�]�cb�-��Yxqr^b]&cb]�i6Yxdri_`bd�]_��s����-^ts�lm���minjb�_��YÈs�qrwa`b]_��]_^ts��m`bl"deY�u,�-`blm] �	�âVx�[A¨Y��m�-l�s�qr]�cb]�deY�s�`����_lm]
]_��s��bdeYxi_�_]"]_^

z = 0
��A¨Y���lm�-^ts�q��_lm]c�tYx`binjb]"cb`�cb�-��Yxqr^b]h]_��s��bdeYxi_�_]xX	�m�-qâs¢]_^

z = −l0 = −20 re
����o

re
]_��s"dr]�l�Y��-�-^�cb]��m�-l�s�qr]�cb]�deY�s�`����_lm]\�kXZ�m�-qâsh]_^

z = 0
�

o	`blÒdâ]_����lm�-^ts�q��_lm]_���m�-drqrcb]_�_X9deYhi_�-^bcbqâs�qr�-^&�Z�-`blÒdeY([	qâs�]_�m�m]¢snYx^#�-]_^as�qr]_drdâ]�]_��s,`b^b]¢[	qâs�]_�m�m]�cb]I�-drqr�m�m]_��]_^as
us
XG] s~deY�i_�-^bcbqâs�qr�-^��G�-`bl"deYgs�]_���G�_l�YÈs�`blm]�]_��s~`b^���Yx`�s�cb]&s�]_���Z�_l�YÈs�`blm]

Ts − Tw1
��Yxl"l�Yx�b�Z�-l�s%S

deY�lm]_���G�_l�YÈs�`blm]�cb]p��Yxlm�-q7_ |�a H _vV!��a �@A�]_�~]k���blm]_�m�mqr�-^b��cb�-^b^b�_]_����Yxl"dr]_�"cbq�Tö�_lm]_^ts���Yx`�s�]_`blm�~�-^ts�deY�RQ_��]���s�lm`bi s�`blm]�] s�cbq�T[�_lm]_^as�dr�V���_lm]_��]_^ts���Yxl~dr]_`blm�~i_�	]�C�i_qr]_^ts���^	`b���_lmqrwa`b]_�_�[3$i_q,�-^�Y�`�s�qrdrqr�m��deY
���-lm��]h_vV!��a

us =
1.012

ρ

√

2

RT
µ

(

∂~u

∂~n

)

s

,

Ts − Tw1
=

2 − 0.827αe

2αe

γ

γ − 1

1

Pr

√
π

ρ
√

2RT
µ

(

∂T

∂~n

)

s

,
� �	� �t�

��o
Tw1

]_��shdeY&s�]_���G�_l�YÈs�`blm]~cb]~��Yxlm�-q ��A�]�i �	]�C�i_qr]_^tshc@� Yxi_i_�-�����	c�YÈs�qr�x^��_^b]_l;�-� s�qrwa`b]�]_��s(�m`b�b�G�-�m�
Q s�lm]

αe = 1
_vV!�^a �

A�]_�hi_�-^bcbqâs�qr�-^b�hYx`	�3drqr��qvs�]_���m�-^as��blmqr�m]_��Yxqâ^b��q
H o	`blhdeYp��lm�-^ts�q��_lm]%�tYx`binjb]�c�Yx^b�hdeYg�m]_i s�qr�-^3cb]��m�-l�s�qr]�cb]�deYps�`����_lm]

~u(r) = ~U(r), p(r) = pe, T (r) = Te(r),

]_^ cb] jb�-lm��cb]�deY�s�`��P�_lm]����m`blhdeYg��Yxlm�-q �kX��m`bqâ[xYÈ^as�� �	� �t�"�

uz = 0, ur = us,
∂p

∂z
= 0, T = Ts,

����Yxlm�-q�[-]_l�s�qri6Yxdr]\�

ur = 0, uz = us,
∂p

∂r
= 0, T = Ts,

����Yxlm�-q�jb�-lmq�B_�-^tsnYxdr]\�

V\{



re

z=-l0 z=0

rmax

maxz
r=0

Mae

upstream and downstream boundaries

wall boundaries

re

z=-l0 z=0

rmax

maxz
r=0

Mae

upstream and downstream boundaries

wall boundaries

symmetry axis
r,j

z,i

α j

¥7¦¨§5� �	�âV H �"�-��Yxqr^b]�cb]�i6Yxdri_`bd �

V-V



H o	`blhdeYp��lm�-^ts�q��_lm]�cblm�-qâs�]�� Y6[ÈYxd �kXb©$�m�x� shi_�-^bcbqâs�qr�-^b�'ªp�
∂uz

∂z
= 0,

∂ur

∂z
= 0,

∂p

∂z
= 0,

∂T

∂z
= 0.

H o	`blhdeYp��lm�-^ts�q��_lm]��m`b�Z�_lmqr]_`blm]���deYÈs��_l�Yxdr]\���bdr]%�tY"B�Yx�g¡bqeYx^ts
∂uz

∂r
= 0, ur = 0, p = p∞, T = T∞.

� �	� �t�
�-`�cb]_�G©$�m�x� shi_�-^bcbqâs�qr�-^b�'ª��Z�-`blh`b^b]�cb� s�]_^ts�]&c�Yx^b�hdr]~[	qrcb]

∂uz

∂r
= 0,

∂ur

∂r
= 0,

∂p

∂r
= 0,

∂T

∂r
= 0.

� �	�âV\{t�

H o	`blhd�� Y9��]�cb]����	��� s�lmqr]g�
∂uz

∂r
= 0, ur = 0,

∂p

∂r
= 0,

∂T

∂r
= 0.

°hqK« ¯�x\yj�jwXvDw�x\yjz��juYyjz¬�Vu­vltL�U£G��}
®5¯�°c¯�± ²´³#µ:¶<·'¸º¹�»½¼[µ�¾�¼,¿�»À·'Á�ÂÃÁÅÄ�»
$��-`b��Y6[t�x^b��`�s�qrdrqâ�m�~cb]_`	�3[xYxlmqeYx^ts�]_�(�G�-`blhdeYpcb� u�^bqâs�qr�-^àcb]_���blm�xu�dr�(cb]��m�-l�s�qr]�cb]�deYps�`����_lm]x�
A¨Y��blm]_��q��_lm]"]_��s(deY&�m`bqâ[xYx^ts�]p�	dr]_���blm�xu�dr��cb]"[	qâs�]_�m�m]�] s�cb]"s�]_���G�_l�YÈs�`blm]"�m�-^as�i6Yxdri_`bdr�_���m`bqâ[xYx^ts(dr]_�
lm]_deYÈs�qr�-^b��cb]_�hi_�-`bikjb]_��drqr��qvs�]_�(deYx��qâ^�Yxqâlm]_�%_ �Èy"a

U(y)

ue

=

(

1.5
y

δ
− 0.5

(

y

δ

)3
)

,

Te(y)

Te

= 1 +
√

Pr
γ − 1

2
Ma2

e



1 −
(

U(y)

ue

)2


+
Tw2

− T0

Te

(

1 − U(y)

ue

)

,
� �	�âV-V9�

��o
y
]_��shdeY�cbqr��snYx^bi_]�cb]_�b`bqr��deY���Yxlm�-qö] s

T0
]_��s(deY&s�]_���G�_l�YÈs�`blm]~c@� YxlmliQks�X

Tw2

]_��shdeY&s�]_���Z�_l�YÈs�`blm]
cb]~��Yxlm�-q X

δ
]_��shd�� �_��Yxqr�m�m]_`bl�cb]~i_�-`binjb]�drqr��qvs�]x�b��^àcb]_jb�-lm�(cb]~deY�i_�-`binjb]�drqr��qvs�]xX	dr]_����Yxl�Yx�R� s�lm]_��cb]

d�� �_i_�-`bdr]_��]_^tsh�m�-^ts��blmqr�(`b^bqâ���-lm��]_�_�
�E��Yxl�s�qrl~cb]_�&i_�-^bcbqâs�qr�-^b�~cb]�d�� �_i_�-`bdr]_��]_^ts6X�d�� �_��Yxqr�m�m]_`bl�cb]�cb�_�bdeYxi_]_��]_^ts�Y6[xYxqâs�� s���]_��s�qr���_]gc�Yx^b�
_ ��aÒ��Yxl

δ1/re = 0.198
�@A¨Y�lm]_deYÈs�qr�-^ ]_^ts�lm]

δ
] s

δ1
Y�� s��p�blmqr�m]pc�Yx^b�g_vVVaÒ]_^�`�snqâdrqr��Yx^ts"dr]_�����-lm�g`bdr]_�

�m`bqâ[xYx^ts�]_�h�G�-`bl(d�� �_i_�-`bdr]_��]_^as(dr]�dr�-^#��c@� `b^b]��bdeYxwa`b]��bdeYx^b]��blm]_�mwa`b]&qr�m�xs�jb]_lm��]

δ

x
=

5.84√
Rex

(

Tw2

Te

)

ω−1

2
(

7

10
+

3

10

Tw2

Te

+
37

315

γ − 1

2
Ma2

e

)

,

δ1

x
=

1.75√
Rex

(

Tw2

Te

)

ω−1

2
(

Tw2

Te

+
74

189

γ − 1

2
Ma2

e

)

,
� �	�âV9�-�

V9�



��o
x
]_��s"deY�cbqr��snYx^bi_]&dr]�dr�-^#��cb]&deY��bdeYxwa`b]xX

Rex
]_��s"dr]�^b�-�g¡blm]�cb]�fh]��	^b�-drcb��¡�Yx�m���m`bl�d�� Yx¡b�mi_qr�m�m]

x
�9��^�`�s�qrdrqâ��Yx^as�dr]_�(���-lm�p`bdr]_�&� �	�âV9�x� X��-^��-¡�s�qr]_^ts

δ = 3.337δ1

(

7

10
+

3

10

Tw2

Te

+
37

315

γ − 1

2
Ma2

e

)

/
(

Tw2

Te

+
74

189

γ − 1

2
Ma2

e

) � �	�âV\�t�
Æ ��Yxl�s�qrl�cb]_�h��Yxl�Yx�R� s�lm]_�hcb]�deY�snYx¡bdr]&�	�âV��-^��-¡�s�qr]_^tshdeYplm]_deYÈs�qr�-^

δ = 1.40257δ1
�

���-`bl��blm]_^bcblm]&]_^ i_�-����s�]&deYgcbqâ[-]_l;�-]_^bi_]�cb]&d�� �_i_�-`bdr]_��]_^ascS�deY��m�-l�s�qr]�cb]&deYps�`����_lm]xXGd�� Yx^#�-dr]�]_^ts�lm]
dr]�[-]_i s�]_`bl¢[	qâs�]_�m�m]�] s¢d�� Y9��]

z
Y�� s����blmqr�,[xYxlmqeYx¡bdr]�]_^ts�lm]"{��m`bl¢d�� Y9��](] s¢dr]hcb]_��qv�LYx^#�xdr]�cb]hcbqâ[-]_l;�-]_^bi_]

αe
S�deYp��Yxlm�-q �#A:� Yx^#�-dr]�cb`3[-]_i s�]_`blh[	qâs�]_�m�m]&c�Yx^b�hdeYpi_]_drdr`bdr]

j
Yg� s���]k���blmqr����i_�-����]

αj = αe
j − 1

n − 1
,

��o
n
]_��s�dr]�^b�-�p¡blm]�cb] �G�-qr^ts���cb] ��YxqrdâdrY"�-]�dâ] dr�x^#�4cb` l�Y��-�-^ cb] deY�s�`����_lm]x��A¨Y�[	qâs�]_�m�m]=cb]

d�� �_i_�-`bdr]_��]_^ts
U(r)

Yg� s��&cb�_i_�x���G�-�m�_]&i_�-����]
uze(r) = U(r) cos αj

Yx^bc
ure(r) = U(r) sin αj,��o

r
[ÈYxlmqr]�cb]&{RS

re
] s

αj
[xYxlmqr]�cb]&{hS

αe
�9A¨Ygcbqr��snYx^bi_]

y
S�deYp��Yxlm�-q�]_��s"]k���blmqr���_]�i_�-����]

y = (re − r) cos αec�Yx^b�hdr]_�(�bl��Èu�dr�hcb]�i_�-`binjb]&drqr��qvs�]�� �	�âV-V9�k�
�"qr^b�mqGdr]��blm�_�m]_^ts(i6Yxdri_`bdZs�qr] ^as�i_�-����s�]"Yx�b�blm�\��qr��YÈs�qv[-]_��]_^as¢cb]"deY&cbqâ[-]_l;�-]_^bi_]~] s�cb]"deY�^b�-^�`b^bqâ���-lL�
��qâs��~cb]�d�� �_i_�-`bdr]_��]_^tshc�Yx^b�hdeYp�m]_i s�qr�-^�cb]��m�-l�s�qr]�cb]�deY�s�`��P�_lm]R_vV6y"a �
A¨Y=�m]_i_�-^bcb]�[ÈYxlmqeYx^tsn]��G�-`bl�dr] �blm�xu�d�cb]��m�-l�s�qr] cb] deY�s�`��P�_lm]�lm]_�G�-�m]��m`bl�d�� `�s�qrdâqâ��YÈs�qâ�-^÷cb`«i_�	cb]
$~}�Ç@��ADm&�DA�]_���blm�xu�dr��cb]�[	qâs�]_�m�m]xX�s�]_���G�_l�YÈs�`blm]�] s&cb]_^b�mqâs���c�Yx^b�&deY3�m]_i s�qr�-^ cb]��m�-l�s�qr]xX��-¡�s�]_^a`b�
��Yxl�i_]_�(cb]_`	��[ÈYxlmqeYx^ts�]_���m�-^ts�s�l;�_���blm�	injb]_�(��Yx`��¨�G�-`bl�cb]"�G] s�qâs�]_��cbq�Tö�_lm]_^bi_]_�(c�Yx^b��dr]_�¢[	qâs�]_�m�m]_�

ur
�

3$dr�"�m�-^ts����-^ts�lm�_�"c�Yx^b�~dr]_��u,�-`blm]_�&�a��� H �	��z	��o	`bl~dr]_��u,�-`blm]_�_Xödr]_�~�blm�xu�dr�"�x¡�sn] ^	`b�~�m`bqâ[xYx^ts�� �	�âV-V9��G�-`blgdr]_����YxqrdâdrY"�-]_�g6E] s�W � � Yx¡bdr]��	���-���m�-^ts�cb�_�mq��-^b�_��lm]_�m�G]_i s�qâ[-]_��]_^ts���Yxl�o	ikjbdrqrinjts�qr^#�4��6(�L] s
o	injbdrqrinjas�qr^#��� W(�~�
®5¯�°c¯�® È*É�É�³#µ(Ê4Á�ÂÃË2Ä�Á'µ�ÌÍ¹�¾Î¹�Ï@Ð<ÁÅÄ)¹�Ë�Ì�¸º·'ËÑ¸b»(¼9Ä�Á'µ�ÌÎ¹�»À¸bµ:³bÄ�Á'»
A¨Y��m]_i s�qr�-^ cb]��m�-l�s�qr]�cb]�deY3s�`����_lm]���qr^bcbqri_]

e
��]_��sp�bdeYxi_�_]�]_^as�lm]�dr]_��^b�a]_`bcb�

(1, j)
] s

(2, j)
��A�]_�

��Yxl�Yx�R� s�lm]_��cb]3d�� �_i_�-`bdr]_��]_^ts�c�Yx^b��deY��m]_i s�qr�-^4cb]3�m�-l�s�qr]3�m�-^ts�]k���blmqr���_��i_�-����]xX,��Yxlg]k��]_���bdr]xX
ρe,j = 0.5(ρ1,j + ρ2,j).

��lm]_^�Yx^ts�]_^�i_�-����s�]pwa`b]gdr]_�~��Yxl�Yx�R� s�lm]_�"c�Yx^b��deY��m]_i s�qr�-^�cb]p�m�-l�s�qr]p�m�-^ts
cb]_��i_�-^bcbqâs�qr�-^b�¢Yx`	��drqr��qvs�]_��i_�-^b^a`b]_�_X�qrd�]_��s��G�-�m�mqr¡bdr]�cb]"i6Yxdri_`bdr]_l�dr]���Yxl�Yx�R� s�lm]"Yx`��blm]_��qr]_l�^b�	]_`bc
cb`4i6Yxdri_`bd XÒ��Yxl�]k��]_���bdr]xX

ρ1,j = 2ρe,j − ρ2,j
�¢W�] sms�]�Yx�b�blm�	injb] Y�� s��3`�s�qrdrqâ�m�_]à�G�-`blgqr���G�-�m]_lgdeY

cb]_^b�mqâs��xX�deYp�blm]_�m��qâ�-^�] s�deYp[	qâs�]_�m�m]x�
A¨Yp[xYxdr]_`bl(cb`�cb�_¡bqâs6Xbi6Yxdri_`bdr�_]���Yxl(dr]_�4�xlnYÈ^bcb]_`blm�"Yx`3i_�-d�]_��s�]_��s�qr���_]�S J = 0.24

�a�È�_�9A�]�cb�_¡bqâscS
s�l�Y6[t]_lm�hdeYp�m]_i s�qr�-^�cb]��m�-l�s�qr]�]_��s�i6Yxdri_`bdr�_]�i_�-����]

J = 2π
∫ re

0
ρ(r) uze

(r) r dr
� �	�âV6ya�

��^�`�s�qrdrqâ��Yx^asÒdr]_�,���-lm�p`bdr]_�(� �	�âV-V9���-^��x¡�snqâ]_^as J = 0.247
�a�È�_��A�]_��i6Yxdri_`bdr�Ò��Yxl�dr]_�,�blm�xu�dr�:$~}�Ç@��ADm

cb�-^b^b]_^ts J = 0.232
�a�È�_��A¨Y~cbq�Tö�_lm]_^bi_](Y\[-]_i(dr]�cb�_¡bqâs�Yx`pi_�-db]_��s�cb`b](]_�m�m]_^ts�qr]_drdr]_��]_^ts�Yx`gi6YÈlnYÈi si�_lm]

Yx�b�blm�6��qr��YÈs�qâ�¨cb]_�h�blm�xu�dr�hcb]�i_�-`binjb]&drqr��qvs�]~c�Yx^b�hdeYp�m]_i s�qr�-^�cb]��m�-l�s�qr]�cb]�deY�s�`��P�_lm]x�
V\�
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°hqiÒ <|��ÓYxY��w�vlÔj��}Õyhtj���G��wVrRte}
A�]�cb�-��Yxqr^b]�cb]�i6Yxdri_`bd�cb]�deYpu,�-`blm]p�	�âV�]_��s"i_�-`�[-]_l�s"��Yxlh`b^���YxqrdâdrY"�-]~lm]_i snYx^#�-`bdeYxqrlm]�cb�-^ts�dr]_�h��Yx�
�m�-^ts

hr
] s

hz
�P�Ò�-`bl

r < re
dr](��YxqrdâdeY^�-]�c�Yx^b��deY~cbqrlm]_i s�qr�-^gl�YxcbqeYxdr]�]_��s¢`b^bqâ���-lm��]xX-Y6[-]_i�`b^���Yx��^b�xs��

hr = hr min
c�Yx^b��deYgsnYx¡bdr]��	���	�9�"` i_�-^ts�l�Yxqrlm]xXZ�Z�-`bl

r > re
X
hr
Yx`#�-��]_^ts�]&c@� `b^��8Yxi s�]_`bl"i_�-^b��snYx^ts

V-� {tz�]_^ts�lm]3cb]_`	� i_]_drdr`bdr]_��Yxc^1mYxi_]_^ts�]_�_�IA�]à��Yx��c@� ]_�m��Yxi_]�c�Yx^b��deY�cbqrlm]_i s�qr�-^ Y9��qeYxdr]�]_��s�`b^bqâ���-lm��]
hz = 10 hr min

��A¨Y drqr��qvs�]�cb` cb�-��Yxqr^b]�cb]�i6Yxdri_`bd¢c�Yx^b�pdeY�cbqrlm]_i s�qr�-^=l�YxcbqeYxdr]xX
rmax = 30 re

X�]_��s
�blmqr�m] �m`�C���Yx����]_^tsàdr�-qr^4�G�-`bl�wa`b]�deY���lm�-^ts�q��_lm] deYÈs��_l�Yxdâ]��m�-qâs��mqâs�`b�_]�]_^ts�q��_lm]_��]_^ts�c�Yx^b��dr]F�tY"B
Yx�p¡bqeYx^tshYx`�lm]_�Z�-�_�
���-`bl�deY~i_�-�����	cbqâs���cb`�i6Yxdri_`bd X-dr](���	��si�_��]�c@� �_wa`�YÈs�qr�x^b��Y�� s��hlm�_cb`bqâs��m�-`b�����-lm��](Yxcbqr��]_^b�mqr�-^b^b]_drdâ]
]_^g`�s�qrdrqâ��Yx^tsÒdr]_�,lm]_drYÈs�qr�-^b��cb�-^b^b�_]_��c�Yx^b�5_vV9|�a �"A�]�i6Yxdri_`bd�Y"� s���]�Tö]_i s�`b�(]_^g`�s�qrdrqâ��Yx^as�`b^g�minjb�_��Y�Yx`	�
cbq�Tö�_lm]_^bi_]_��u�^bqr]_����o�dr]_��cb�_lmqâ[t�_]_�¨c@� ]_�m��Yxi_]�� snYxqr]_^ts�Yx�b�blm�6��qr���_]_�¨Y6[-]_i�`b^b]��blm�_i_qr�mqr�-^�c@� �-lmcblm]

O(h2)���minjb�_��Y�i_]_^ts�lm�\�k�"��^�lm�_�m�-dâ[ÈYx^as�dr]����	��si�_��]�c@� �_wa`�YÈs�qr�-^b�2
�����X\cb]_�Ò�-�mi_qrdrdrYÈs�qâ�-^b�¨Yx�b��Yxl�Yxqr�m�m]_^tsÒc�Yx^b�
dr]_�(lm�V�-qr�-^b�(cb]����-l�s4�-l�Yxcbqr]_^ts���j�Yx¡bqâs�`b]_drdâ]_��]_^ts(�bl;�_�hcb]�deYg�m�-l�s�qr]�cb]�deYps�`����_lm]\�k�9�Ò�-`bl(lm�_�m�-`bcblm]&i_]
�blm�-¡bd��_��]xX

τ
]_��splm]_���bdeYxi ��c�Yx^b�&dr]_��s�]_lm��]_�&cbqr�m�mqr��YÈs�qâ��������Yx`��(c�Yx^b�&i_]_`	�=wa`bq¢i_�-���blm]_^b^b]_^tspcb]_�

cb�_lmqâ[-�_����q¾�	sn] �hc@� ]_�m��Yxi_]\�(��Yxl(`b^b]�[xYxdr]_`bl(]�Tö]_i s�qâ[t]

τ ]�T = τ + β ρ h a,
��o

a =
√

γRT .
� �	�âV9z-�

A�]à��Yxl�Yx�R� s�lm]
β
lm]Vn_�-qâsgdeY��bdr`b�p�G] s�qâs�]�[xYxdr]_`blp�G�-�m�mqr¡bdr]�wa`bqhYx�m�m`blm]àdeY���snYx¡bqrdrqvs���cb]àdeY��m�-dr`�s�qr�-^��

W�] sms�]��blm�	i_�_cb`blm]�]_��s¢�_wa`bqâ[xYxdr]_^ts�]�S�d�� qr^tsnlm�acb`bi s�qr�-^gc@� `b^b]h[	qr�mi_�-�mqâs���Yxl�s�qâu�i_qr]_dâdr]�c�Yx^b�¢dâ]_���_wa`�YÈs�qr�-^b�

����
]_^g���-lm�p`bdeYÈs�qâ�-^

(x, y)
_vV-VVa �PA�]_��� wa`�YÈs�qr�-^b�����acbqâu��_]_�_X-]_^�i_�	�-lmcb�-^b^b�_]_�¢Y9��qr���	��� s�lmqrwa`b]_�_X-�-^ts

� s���cb�x^b^b�_]_�h��Yxl(Yxqrdrdâ]_`blm�<_vV9|!a ��W�] sms�]���� s�jb�	cb]~cb]~i6Yxdri_`bdö]_��sh�mqr��qrdrYxqâlm]�Spd�� Yx�b�blm�aikjb]~¡bqâ]_^ài_�-^b^	`b]
© [-]_i s��-lL�$�m�bdrqâsms�qr^#�^ª��
A�]_�~�_wa`�YÈs�qr�-^b�~Yx`	� cbq�Tö�_lm]_^bi_]_�"u�^bqr]_�"�m�-^as~lm�_�m�-dr`b]_�"��Yxl"`b^�Yxd��-�xl�qvs�jb��]&]k���bdrqri_qâs�]���o�deY��m�-dr`�s�qr�-^
��snYÈs�qr�-^b^�Yxqrlm]�]_��s��-¡�s�]_^a`b]�i_�-����]�deY�drqr��qvs�]�c@� `b^b]3� [-�-dr`�s�qr�-^�s�]_���Z�-lm]_drdr]x�2A�]3injb�-qv��cb`4��Yx��cb]
s�]_���b�hlm]_�Z�-�m]&�m`blh`b^b]�i_�-^bcbqâs�qr�-^àcb]���snYx¡bqrdrqâs��~cb]�deY����-lm��]

∆t = α min(h/a).
� �	�âV!�t�

A�]�i6Yxdri_`bd��V� Yxlml;Q s�]�wa`�Yx^bc d�� � snYÈs(��snYÈs�qr�-^b^�Yxqrlm]~]_��s"YÈsms�]_qr^as(��`bqv[xYx^ts�dr]�i_lmqâsi�_lm]

ε =
1

NrNz

∑

h

∣

∣

∣

∣

∣

ρj+1 − ρj

ρj∆t

∣

∣

∣

∣

∣

≤ 10−10,
� �	�âV9|-�

��o
j
]_��s�d�� qr^bcbqâi_](cb`���Yx��cb](s�]_���b�_���\� Yx`�s�lm]_�¢cb� snYxqrdr��cb]hd�� Yxd��-�xlmqâsmjb��]�cb]hi6Yxdri_`bd��m�-^ts¢cb�-^b^b�_�¢c�Yx^b�

_vV9|�a �
Æ d�� qr^b��snYx^ts�qr^bqâs�qrYxd,�

t = 0
�kX�d�� �_i_�-`bdr]_��]_^as�]_��s�i �-^b�mqrcb�_lm��i_�-����]"`b^U1�] shi��	drqr^bcblmqrwa`b]~`b^bqâ���-lm��]xX	cb]

l�Y��t�-^
re
i6Yxl�Yxiksn� l�qâ������Yxl

pe
X
Te
X
uze = ue

Y6[-]_i
ur = 0

XZYx`��m]_qr^3c@� `b^f�tY"B&Yx�p¡bqeYx^ts(`b^bqâ���-lm��]~] s
qr�����x¡bqrdâ]��

uz = ur = 0
�5SgdeYp�blm]_�m�mqr�-^

p = p∞
] s�SgdeY�s�]_���G�_l�YÈs�`blm]

T = T∞

�
���-`blài_�-^ts�l;?-dr]_l�deY i_�x^a[-]_l;�-]_^bi_] ]_^2��YxqrdâdrY"�-]xX¢dr]_��i6Yxdri_`bdr���-^ts3� s���]�Tö]_i s�`b�_�3�G�-`blày���YxqrdâdrY"�-]_�
cb�-^b^b�_�~c�Yx^b�~deY�snYx¡bdr]p�	���	�[A�]p��Yx�~c@� ]_�m��Yxi_]g��qr^bqâ��YÈd¨]_��s�qr^bcbqrwa`b���G�-`bl"inj�Yxwa`b]g��YxqrdâdrY"�-]x�O��^�u�^
dr]_�(i6Yxdri_`bdr�(�-^ts�� s���]�Tö]_i s�`b�_���G�-`bl��p[ÈYxlmqeYx^as�]_�(��]_^ts�qr�-^b^b�_]_�hc�Yx^b�hdeYpsnYx¡bdr]��	� ���

V9z



� �	�Z]&cb]���YxqrdâdeY^�-]
A B C D$��-�g¡blm]�cb]��Z�-qr^as��

66 × 49 130 × 68 260 × 92 520 × 126�,Yx�h��qr^bqâ��YÈd
hr min/re 0.2 0.1 0.05 0.025

������� �	��� H . YxqrdrdrY"�-]_�
� YxlmqeYx^ts�]>. YxqrdrdrY"�-]

p∞(Pa)
���-�mqâs�qr�-^3cb]�deYp��Yxlm�-q

τ0

1 A 0 z = 0 τe

2 B 0 z = 0 τe

3 C 0 z = 0 τe

4 D 0 z = 0 τe

5 B 0 z = 0 100 τe

6 B 1 z = 0 τe

7 B 0 z = −20 re τe

8 B 1 z = −20 re τe

9 B 0 z = 0
$~o

�I����� �	� � H W�Yxdri_`bdr�c
�����] s�$~o
°hq�Ö <|��ÓYxY��w�vlÔj��}Õ�­x`�ewX×f�� Mx\tL�|��}4z¬�4�7x\te��}4��}4ygvlz¬�2u%���G×f�4z
�~Yx^b�hdeYgi_�-^b��s�lm`bi s�qr�-^3cb]_���_wa`�YÈs�qr�x^b�h��Yxi_lm�-�mi_�-�bqrwa`b]_����$~o3Yx`b�m�mq�¡bqr]_^3wa`b]U
������kXb�-^�`�s�qrdrqâ�m]~`b^
cb� [-]_dr�-�b�G]_��]_^ts��m`bl~`b^��Z] s�qâs~��Yxl�Yx�R� s�lm]

τ
���-`

Kn
�m�-`b�"���-lm��]�Yxcbqr��]_^b�mqr�-^b^b]_drdâ]\�hYx`�s��-`bl"cb]pdeY

cbqr��s�lmqr¡b`�s�qr�-^3��Y9�	��] drdrqr]_^b^b]`_ |!a X�_vV!�^a �[
~`�Yx^bc�dr]�^b�-�g¡blm]&cb]U��^a`bcb�m]_^4���-` dr]&��Yxl�Yx�R� s�lm]�cb]U6�qrlmc
]_^g�m`b�Z]_lm�m�-^bqrwa`b]\�Ò^@� ]_��s��bdr`b��s�l;�_�,�G] s�qâs6X9dr]_�Ò���	c#�_dr]_�Ò��YÈi_lm�-�mi_�-�bqrwa`b]_�,�G]_lmcb]_^ts�dr]_`bl�[xYxdrqâcbqâs��x�^�~Yx^b�
cb]_��i6Yxdâi_`bdr�"cb]�1�] s��_XödeYRB_�-^b]�Y^Tö]_i s��_]p��Yxl~i_]p�blm�-¡bd��_��]�]_��s�dr]�ikj�Yx����dr�-qr^tsnYxqâ^�XZ��o�dr]_�"�_wa`�YÈs�qr�-^b�

����B���-^tsgYx�b��Yxl�Y^Ørs�lm]�`b^b]àYx`#�-��]_^tsnYÈs�qr�-^ cb]�s�]_���G�_l�YÈs�`blm]�wa`bq¢^@� ]_��sg��Yx�p�bjP�	�mqrwa`b]M_vV6y"a �����-`bl
�_drqr��qâ^b]_l(i_] s"]�Tö] s6XZi_]_l�snYxqr^b��Yx`�s�]_`blm�"�-^ts�`�s�qrdrqr�m��dr]_�h�_wa`�YÈs�qr�-^b��c@� ��`bdr]_l�Yx` drqr]_`3cb]_���_wa`�YÈs�qr�-^b��cb]
$"Y6[	qr]_lL��oas���Wx]_�4_vV�a X#_ �-z�a ���~Yx^b�,dr]��blm�_�m]_^as�s�l�Y6[xYxqrd8X9d�� Yxd��-�-lmqvs�jb��]¢wa`bqblm]_�Z�-�m](�m`bl,dr]_�,�_wa`�YÈs�qr�-^b��
����
Yg� s������	cbqâu��~i_�-����]��m`bqâs6�
��]_^bc�Yx^ashdr]�i6Yxdri_`bd8X�deY�[xYxdr]_`bl�cb]

τ
Xbcb`3^b�-�g¡blm]~cb]Y��^a`bcb�m]_^�dr�	i6Yxd

Kn
] shcb`3��Yxl�Yx�R� s�lm]�cb]�6�qrlmc

P ]_��s(� [ÈYxdr`b�_]x��o	q
τ
cb�_��Yx�m�m]�`b^ài_]_l�snYxqr^��m]_`bqrd

τ0
��i_�-lmlm]_�m�G�-^bc�Yx^tscS

Kn ≥ Kn0
�kX�Yxdr�-lm�

τ
]_��s(�blmqr�

i_�-^b��snYx^ts�] �msg�V�tYxdGS
τ0
��o	qr^b�-^�X

τ
]_��s�i6Yxdri `bdr��i_�-����]�c@� j�Yx¡bqâs�`bcb]���Yxl

τ = µ/p
�2A¨Y [ÈYxdr]_`blpcb]

Kn0
X¨��] s�cb�-^bi�cb]

τ0
��]_��s"injb�-qr�mqr]�]_���bqrlmqrwa`b]_��]_^as(c�Yx^b�hd�� qr^ts�]_l�[xYxdrdâ]

10−3 ≤ Kn0 ≤ 0.5
�

A¨Y�s�]_injb^bqrwa`b]"`�s�qrdrqr�m�_]��8Y6[t] i"`b^b]"drqr��qvsnY9s�qâ�-^�cb]
τ
���Z]_lm��] s�c@� Yx�m�m`blm]_l�deY�[	qr�mi_�-�mqâs���i_�-lmlm]_i s�]"cb`L�tY"B

c�Yx^b��dr]_��lm�V�-qr�x^b��cb]_^b�m]_���
Kn ≤ Kn0

�k���~Yx^b��dr]_��lm�V�-qr�-^b�¢l�Yxlm� u��_]_�_X��m]_`bdr]"d�� Yx�b�blm�	injb]����-dr�_i_`bdeYxqâlm]
����o#.�WE�-` Yx`�s�lm]_�n��]_��s�`�s�qrdrqâ��Yx¡bdâ]�]_^ �blmqr^bi_qr�G]x��A:� Yx�b�blm�	injb]ài_�-^ts�qr^	`b]�^@� ]_��s�cb�-^bià�bdr`b��[xYxdeYx¡bdr]
wa`b]_drdr]�wa`b]à�m�-qâspdeY����-lm�g`bdeY9s�qâ�-^ cb]�deY�[	qr�mi_�-�mqâs������-`�cb]

τ
�kXÒ��Yxqr��deY�s�]_injb^bqrwa`b]à`�s�qrdrqâ�m�_]��G]_lm��] s

^b�6Yx^b���-qr^b��cb]�deYài_�-^b�m]_l�[-]_lp�Z�-`bl&�G�-`blm�m`bqâ[	lm]�dr]�i6Yxdri_`bd[1�`b�mwa`@� Yx`	� ��lm�-^as�q��_lm]_��cb`=cb�-��Yxqr^b]�Y6[t]_i
`b^����	��si�_��]&c@� �_wa`�YÈs�qr�-^b�hwa`bq�lm]_��s�]<©$l�Yxqr�m�-^b^�Yx¡bdr]Xªn�
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A�]���Yxl�Yx�R� s�lm]�cb]Y6�qrlmc P ]_��s"i6Yxdri_`bdr�~i_�-����]

P = Ma

√

γπ

8

λ

ρ

∂ρ

∂s
,
��o ∂ρ

∂s
=

∂ρ

∂z

uz

|u| +
∂ρ

∂r

ur

|u| ,
] s |u| =

√

u2
z + u2

r.
� �	�âV\�t�

A�]�^b�-�p¡blm]�cb]Y��^	`bcb�m]_^�dr�	i6Yxd�]_��s
Kn = λ/2re

Xb��o
λ
]_��s�i6Yxdri_`bdr��i_�-����]�� �	��z-�k�

A�]_�hi6Yxdri_`bdr�h�blm�_�m]_^ts��_�"�bdr`b�hdâ�-qr^à���-^as�lm]_^tshwa`b]&c�Yx^b��drYg�tYx����]~cb]
Kn

i_�-^b�mqrcb�_lm�_]xXZdr]_�(lm�_�m`bdâsnYÈs��
^b]��m�-^ts���Yx�(s�l;�_�h�m]_^b�mqr¡bdr]_��Yx`�injb�-qv�àcb`��m]_`bqrd

τ0
�

°hqiÙ A��4zDte�Xvlu%vlz�}Gv��ewVzD�GtjzDz(w�x\y
}~^
Y=i_�-^b�mqrcb�_lm��cb]_`	�«[ÈYxdr]_`blm��cb]�deY �blm]_�m�mqr�-^
c�YÈ^b��dr]F�tY"B�Yx�g¡bqeYÈ^as6X�S=��Y\[-�-qrl

p∞ = 1
�,Y=] s

p∞ = 0
�ÒY�wa`bq,i_�-lmlm]_�m�G�-^bcpS�`b^b]gcb� s�]_^ts�]gc�Yx^b��dr]&[	qrcb]x�@A:� �_��Yxqr�m�m]_`bl�cb]gi_�-`binjb]gdrqr��qvs�]&c�Yx^b��deY

�m]_i s�qr�-^�cb]��m�-l�s�qr]hcb]�deY~s�`����_lm]"]_��s�]_��s�qr���_]cS
δ = 0.277 re

���m`bqâ[xYx^ts�� �	�âV\�t�m�k� � �-`�s�]_�¢i_]_��wa`�Yx^ts�qâs��_�
i_�-lmlm]_�m�G�-^bcb]_^ts~Yx`	�3i_�-^bcbqâs�qr�-^b��]k���G�_lmqr��]_^tsnYxdr]_�hcb]R_ �^a�qr^bcbqrwa`b�_]_�hc�Yx^b�hdeYpsnYx¡bdr]��	�âV-�
�~Yx^b��dr]_��u,�-`blm]_�_X¢deY i_�-^bi_]_^ts�l�YÈs�qr�-^÷���-dr�_i_`bdeYxqâlm]3]_��s�^b�-lm��Yxdrqâ�m�_]���Yxl�deY�[ÈYxdr]_`bl

n0 = 1.054 ×
1026 � −3 X,i6Yxdri_`bdr�_]�c�Yx^b�gdr]_�gi_�x^bcbqâs�qr�-^b�pc@� Yxlml;Q s � �	� �t�k�2A�]_�g�blm�xu�dr�gi6Yxdri_`bdâ�_�g��Yxl3� �	�âV-V9�&�-^ts�� s��`�s�qrdrqâ�m�_�(c�Yx^b�hdeYg�m]_i s�qr�-^3cb]��m�-l�s�qr]x�
�~Yx^b��dr]_��u,�-`blm]_�à�	� � H �	�âV9z	X�dr] ��cbqr��s�lmqr¡b`�s�qr�x^b��Y9��qeYxdr]_��cb]_����Yxl�Yx�R� s�lm]_���m�-^ts�i_�-^���lm�-^ts��_]_��Yx`	�cbqr��s�lmqr¡b`�s�qr�-^b��]k���G�_lmqr��] ^asnYxdr]_�(] s�Sgi_]_drdr]_�(�-¡�s�]_^	`b]_����Yxl(dr]_�(dr���-qri_qr] dr�5$~}�Ç � � � ] s�$~}�Ç@��ADm&�

®5¯ÅÚG¯�± ÛÜÏ@ÉY»(Ì�¹�Ë�Ì�¼[»À¹�¾ÎÂÑË�Á'·'·'Ë�Ý�»
�~Yx^b�(dr]_�¢u,�-`blm]_���	� � H �	�âV\{�X�deY&i_�-^a[-]_l;�-]_^bi_]�]_^à��YxqrdâdrY"�-]��G�-`bl�dr]_��[ÈYxlmqeYx^ts�]_�~V H yp]_��shlm]_�blm�_�m]_^ts��_]�G�-`bl

β = 0.5
� �	�âV9z-�k����^&cbqr��qr^a`�Yx^as�dr]_�¨��Yx�¨c@� ]_�m��Yxi ]xXÈ�-^��-¡b�m]_l�[-]¢`b^b]¢i �-^a[-]_l;�-]_^bi_]¢wa`bqal�Yx�b�blm�aikjb]

dr]_�àlm�_�m`bdâsnYÈs���cb]�i_]_`	�2cb]�d�� ]k���G�_lmqr]_^bi_]4�8�Òq��-�_�(�	� � ] s �	��|-��] s3cb]	$~}�Ç@��ADmK�8�Òq��-�_���	� �����	�âV\{t�k�
��^ cbqr��qâ^	`�YÈ^as�dr]���Yx�3��cbqr��qr^a`�s�qr�x^ cb]�deY�[	qr�mi_�-�mqâs��àYxl�s�qâu�i_qr]_drdâ]\�kX�deY cb]_^b�mqâs���cb` inj�Yx����dr�-qr^tsnYxqâ^
Yx`#�-��]_^ts�]xX,deY s�]_���Z�_l�YÈs�`blm]à] s�deY [	qâs�]_�m�m]3cbqr��qâ^	`b]_^ts6XÒi_] sms�]àcb]_lm^bq��_lm]�Yx�b�blm�aikj�YÈ^as�cb]à��Y�[xYxdr]_`bl
drqr��qvs�]�� �	��|-�k�P$��xs��-^b��wa`b]hdeY"[	qâs�]_�m�m]��-¡�s�]_^a`b]h��Yxl�$~}�Ç@��ADm
]_��s�s��-`^1��-`blm��qr^����_lmqr]_`blm]4S

Umax
� �	��|-�k�

A¨Yg�blm]_�m�mqr�-^�]_��s����-qr^b�hY^Tö]_i s��_]���Yxl(`b^b]&���acbqâu�i6YÈs�qr�-^�cb`���Yx�_�

®5¯ÅÚG¯�® ÛÜÏ@ÉY»(Ì�¹�Ë�Ì�¼[»À¹�¾|¸b»(¾�Á'·
τ0
»[Ä)¼[µIÂÞÉ<Ë:³#Á'¸bµ�ÌÎËDßI»(¼s·'»àÂÃµ5¹�á(·'»½âäã

�~Yx^b��dr]_��u,�-`blm]_�g�	�âV-V H �	�âV9z	X��-^=��] s�]_^ � [	qrcb]_^bi_]�deY3cb�_�G]_^bc�Yx^bi_]�cb` �m]_`bqrd τ0
�¨deYà[xYxlmqeYx^ts�]��

i_�-lmlm]_�m�G�-^bcjS
τ0 = τe

�-`
Kn0 = Kne

] s(deY�[xYxlmqeYx^ts�]�z&i_�-lmlm]_�m�G�-^bcjS
τ0 = 100 τe

�-`
Kn0 ∼ 0.1

�
A¨Ygcb�_�G]_^bc�Yx^bi_]&cb]

τ0
]_��s��8Yxqr¡bdâ]xX�]_^���Yxl�s�qri_`bdrqr]_l��Z�-`blhdeY�[	qâs�]_�m�m]&] shdeYg�blm]_�m�mqr�-^��9A¨Yps�]_���Z�_l�YÈs�`blm]

]_��s"�bdr`b�"Y^Tö]_i s��_]���YxlhdeYg[ÈYxdr]_`bl�cb]
τ0
�9A:� Yx`#�-��]_^asnYÈs�qr�-^3cb]

τ0
]_^as�l�Y^Øe^b]�`b^b]�Yx`#�-��]_^asnYÈs�qr�-^àcb]�deY

s�]_���G�_l�YÈs�`blm]�cb`f�tY"B�c�YÈ^b��dr]�inj�Yx���3dr�-qr^tsnYxqâ^��
o	`blgdr]_�g�RQ_��]_�pu,�-`blm]_�_X��-^�[-�-qâs�deY�i_�-����Yxl�Yxqr�m�-^ cb]_���_wa`�YÈs�qr�-^b�`
����CY\[-]_i3dr]_�g�_wa`�YÈs�qr�-^b�h$~o
��i_�-`blm¡G]��t�k��}~^ [-�-qâs&wa`b]��G�-`bl�deY3cbqr��s�lmqr¡b`�s�qr�-^�cb]�cb]_^b�mqâs��xX��8�Òq��b���	�âV-V9�kX�dr]����	c#�_dâ]R$~o�i_�-qr^bi_qrcb]
¡bqr]_^�Y6[t]_i"dr]����	c#�_dr]<
%�Y�Mwa`�Yx^bc

τ0 = τe
��. Yxqr�¢�G�-`bl¢c@� Yx`�s�lm]_����YÈlnYÈ�R� s�lm]_�_X	]_^���Yxl�s�qri_`bdrqâ]_l��Z�-`bl
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deY�s�]_���G�_l�YÈs�`blm]g] s&dr]g^b�-�p¡blm]gcb]`. Yxinj�X�dr]g���	c#�_dâ]h$~o��V� �_i6YÈlms�]��bdr`b��wa`b]�dr]p���	c#�_dr]h
����Ecb]_�
cb�-^b^b�_]_��]k���G�_lmqr��] ^asnYxdr]_�(] s�cb]_�hlm�_�m`bdâsnYÈs��hcb]Y$~}�Ç@��ADm�] sc$~}�Ç � � � ����~Yx^b�~dr]_��u,�-`blm]_���	�âV!��] s��	�âV9|�deY�cbqr��s�lmqr¡b`�s�qr�-^�cb]

Kn
] s~cb] P ]_��s�lm]_�blm�_�m]_^as��_]g�G�-`bl"deY�[xYxlmqeYx^ts�]

cb]à¡�Yx�m]3�	���C��Yxl�s�qrl�cb]�deY�u,�-`blm]��	�âV9|	X��-^��G]_`�sg[-�-qrl�d�� � s�]_^bcb`b]àcb]àdeYFB_�-^b]�i_�-^as�qr^a`b]�� P � 1i_�-lmlm]_�m�G�-^bc�Yx^ts�Yx�b�blm�\��qr��YÈs�qv[-]_��]_^ashS
z < 0.03

� �m`bl�d�� Y9��]\�k�:3$d(]_��s�qr���G�-l�snYx^tsgcb]3^b�xs�]_lgwa`b]
c�Yx^b��i_] sms�]���Yxl�s�qr]�cb`4cb�-��Yxqr^b]àcb]3i6Yxdri_`bd XÒdr]_��lm�_�m`bdâsnYÈs���^b]3�m�-^ts���Yx��Y^Tö]_i s��_����YxlgdeY�[	qr�mi_�-�mqâs��
Yxl�s�qâu�i_qr]_drdâ]�drqr�_]LS�d�� qr^ts�lm�	cb`bi s�qâ�-^ c@� `b^ �m]_`bqrd

τ0
�:��^ lm] [xYx^binjb]xX�i_�-����]��-^�d�� Y [	` �bdr`b�gj�Yx`�s6X,deY

[	qr�mi_�-�mqâs���YÈlms�qâu�i qr]_drdâ]�drqr�_]�Yx`=��YxqrdâdeY^�-]�Y�`b^b]�qr^�J�`b]_^bi_]�c�Yx^b��d�� ]_^b�m]_�p¡bdr]�cb`=cb�-��Yxqr^b]�cb]�i6Yxdri_`bd
�8�Òq��-�_���	� ��] s"�	�âV\�t�k�

®5¯ÅÚG¯�å ÛÜÏ@ÉY»(Ì�¹�Ë�Ì�¼[»À¹�»½·'ËÃÉ�³#»(¸b¸bÁ'µ�ÌÎ»[ÊGÄ�Ï@³#Á'»(¾c³#»
�~Yx^b�&deY�u,�-`blm]��	�âV\��X��-^=Yàlm]_�blm�_�m]_^as���dr]_��cbqr��s�lmqr¡b`�s�qr�-^b�~cb]��blm]_�m�mqr�-^ �G�-`bl�dr]_�~[xYxlmqeYx^ts�]_���à] s\���
���-`bl�deY3[ÈYxlmqeYx^ts�]à�aX�deY3i_�-^bcbqâs�qr�-^
� �	�âV\{t��Y � s���Yx�b�bdrqrwa`b�_]��m`blpdrY3��lm�-^ts�q��_lm]��m`b�G�_lmqr]_`blm]x�2���-`bl�deY
[xYxlmqeYx^ts�]Y��XZdr]_�hi_�-^bcbqâs�qr�-^b��Yx`	��drqr��qvs�]_�(�m�-^ts�� �	� �t�k�9A�]&dr�-^#��cb]�d�� Y9��]xX�i_]_��[xYxlmqeYx^ts�]_��cb�-^b^b]_^ts~cb]_�
lm�_�m`bdâsnYÈs��h�mqr��qâdeYÈqâlm]_�_Xbdr]_�(cbq�Tö�_lm]_^bi_]_��^@� � snYx^tsh[	qr�mqr¡bdr]_�(wa`b]��bl;�_��cb]�deY���lm�-^ts�q��_lm]�]k�	s��_lmqr]_`blm]x�

®5¯ÅÚG¯�° ÛÜÏ@ÉY»(Ì�¹�Ë�Ì�¼[»À¹�»½·'ËÃÉ\µ�¸bÁÅÄ�Á'µ�ÌÎ¹�»À·'ËÃÉ<Ë:³#µ�Á
}~^pYhi_�-����Yxlm��dr]_��lm�_�m`bdâsnYÈs��¨lm]_deYÈs�qâ���DS�`b^b]�s�`��P� l�]�Y^æ�]_`bl�Yx^as�]¢] s2Sh`b^b]���YÈl��xqa]_^�lm] s�l�Yxqâs��8�Òq��-�_�9�	�âV!�
] s~�	���x{g�G�-`blhdr]_��[xYxlmqeYx^ts�]_�"�g] s~|-�k�,A�]_��inj�Yx���b�hcb]�cb]_^b�mqâs��&�-^ts�� s����m`b�G]_lm�G�-�m�_�_�[A�]_�hcbq�Tö�_lm]_^bi_]_�
^b]��m�-^ts,[	qr�mqr¡bdr]_�Òwa`b]�c�Yx^b�,deY"lm�V�-qr�-^\�tYx`binjb]�cb`gcb�-��Yxqr^b]¢cb]�i6Yxdri_`bd �"A�]�dr�-^#�~cb]�d�� Y9��]xXÈdr]_�Òlm�_�m`bdâsnYÈs��
�m�-^ts��mqr��qrdrYxqâlm]_�_�
A:� � [-�-dr`�s�qr�-^pcb](deY"cb]_^b�mqâs��(�bl;�_��cb]�deY"��Yxlm�-q X9[	qr�mqr¡bdr]��m`bl�deY�u,�-`blm]h�	�âV!�~]_��s�i_]_drdr]�YÈsms�]_^bcb`b](c�Yx^b��`b^b]
i_�-`binjb]�drqr��qvs�]�dr]gdr�-^#�àc@� `b^b]���Yxlm�-qD© ��lm�-qrcb]Xª3��cb�-^ts�deY�s�]_���G�_l�YÈs�`blm]gqr^����_lmqr]_`blm]gSàdeY�s�]_���Z�_l�YÈs�`blm]
cb]���lm�xsms�]_��]_^tsk�g�¨[-]_lm�pdeY3��Yxlm�-q X�deY3s�]_���Z�_l�YÈs�`blm]�cbqr��qr^a`b]xX�deY��blm]_�m�mqr�-^=]_��s�Yx�b�blm�6��qr��YÈs�qv[t]_��]_^ts
i_�-^b��snYx^ts�]&] shdeYgcb]_^b�mqâs��&Yx`#�-��]_^ts�]x�
A�]_��[xYxlmqeYx^ts�]_�¢|�] s¢��i_�-^bi_]_lm^b]_^ts�`b^b](s�`����_lm]�]_^�lm] s�l�Yxqâs�] s¢cb]_`	��[ÈYxdr]_`blm��cb]hdeY~�blm]_�m�mqr�-^�Yx�g¡bqeYx^ts�]x�
A�]_��lm�_�m`bdâsnYÈs����m�-^as��mqr��qrdrYxqâlm]_�_Xt��Yx`��¨�G�-`bl�deY&�Z] s�qâs�]"cbq�Tö�_lm]_^bi_]"cb�'1;S���]_^as�qr�x^b^b�_]"i_qv�$cb]_�m�m`b��] s�c�Yx^b�
deYp�m]_i s�qr�-^��blm�_i_�_cb]_^ts�]x�

°hq�ç ¯�x\yj�7�Vtfz@wVx\y
A�]_���_wa`�YÈs�qr�-^b�`
�����X�Yxc�Yx��s��_]_���Z�-`bl��m`blm���-^ts�]_l�deY�cbq�C�i_`bdâs��3drqr�_]jS�deYMB_�-^b]�l�Yxlm� u��_]xX��m]��m�-^ts
lm� [-�_dr�"`b^��-`�s�qrd�]�C�i6Yxi_]~�G�-`bl�s�l�Yxqâs�]_l�deY���YÈlms�qr]hcb]_^b�m]"cb`Y1�] s6�bA¨Y&�m`bqâs�]�cb`��blm�_�m]_^as�l�Yx�b�G�-l�s�s�lnYÈqâs�]xX
��Yxl(dr]_�h�RQ_��]_�(��� s�jb�	cb]_�_X�d�� qr^ts�]_l�Yxi s�qr�-^�cb]�cb]_`	�g1�] s��h] s�d�� qr^ts�]_l�Yxi s�qr�-^�c@� `b^h1�]ks"Y6[t]_i�`b^b]���Yxlm�-q �
A¨Y�i_�-^t[t]_l;�-]_^bi_]�]_^���YxqrdâdrY"�-]�cb]gdeY���� s�jb�	cb]pcb]_��cbq�Tö�_lm]_^bi_]_�~u�^bqr]_���G�-`bl~dr]_���_wa`�YÈs�qr�-^b��
����EY
� s�����qr�m]�]_^�� [	qrcb]_^bi_]x�
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.
�8���âV9�-�

}~^3�bl�] ^bc�Yxdr�-lm�
Lref = λref = λe

Xb] s��-^3�-¡�s�qr]_^as

τ = µ/p = γω−0.5 15
√

2π

2(7 − 2ω)(5 − 2ω)

(

p

ρ

)ω
1

p
.
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}~^ i_�-^b�mqrc#�_lm]p`b^ cb�-��Yxqr^b]&�m��YÈs�qeYÈd¨��Yxl�Yxdrdr�_dâ�_�bqr�G�_cbqrwa`b]xX�cb�-^as"d�� `b^b]&cb]_�"��lm�-^ts�q��_lm]_��]_��s�`b^b]���Yxlm�-q
�m�-drqrcb] wa`bq~i_�-^ts�qr]_^tsàdr]_���m]_i s�qr�-^b�àcb]��m�-l�s�qr]�cb]_�àcb]_`	�«s�`����_lm]_�_�4A�]_�\1�] s����m�-^asàqr^^1�]_i s��_��c�Yx^b�àdr]
cb�-��Yxqr^b],�G]_lm�G]_^bcbqri_`bdeYÈqrlm]_��]_^aslS(deY(��YÈl��xq �9W�] sms�]¢i_�-^�u,�-`bl�YÈs�qr�-^��blm�_�m]_^as�]¢cb]_`	�&�bdeYx^b��cb]¢���	��� s�lmqr]xX
cb]��m�-l�s�]�wa`b]�d�� �-^à^b]�i_�-^b�mqrc#�_lm]�wa`b]�dr]�wa`�Yxl�s�cb`3cb�-��Yxqr^b]x�#A�]�cb�-��Yxqr^b]~cb]�i6Yxdri_`bd�]_��s�drqr��qvs��~��Yxl
deY���YÈl��xq XZcb]_`	���bdeYx^b��deYÈs��_l�Yx`	�öXG`b^b]&��lm�-^ts�q��_lm]�Y\[ÈYxd�] s~cb]_`	���bdeYx^b��cb]����	��� s�lmqr]à�8�Òq��-`blm]��	�âV9�k�[A¨Y
snYx¡bdr]����âV�cb�-^b^b]�dr]_�(i_�-^bcbqâs�qr�-^b�(cb]�d�� �_i_�-`bdr]_��]_^tsh] s�dr]_�(��Yxl�Yx�R� s�lm]_�(cb`f�tY"Bx�
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X

Y

Z

Solid wall

Lateral boundaries

Downstream
boundaryZ=0

Nozzle

Symmetry plane
Symmetry plane
or solid wall
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ì�í'î(ï ì�í'î(ð
re ñóò4ô 1.6 × 10−3 1.7 × 10−3

λe ñóò4ô 1.304 × 10−6 1.397 × 10−6

Kne 4.07 × 10−4 4.1 × 10−4

Mae õ!ö ÷ùø�ú õ!ö ø�ú;û
Te ñ�ü�ô ú�úù÷�ö ú ú�ý^ú�ö ø
pe ñóþ,ÿVô �Võùý ú��Xû��
ue ñóò ��� ô ú��V÷Xõ ú�ý^ú�ú
p∞ ñóþ,ÿVô ú ú
T∞ = Tw ñ�ü�ô ����û ����û�I����� ���âV H �ÒYxl�Yx�R� s�lm]_�hcb]�d�� �_i_�-`bdr]_��]_^ts

�`qK« ¯�x\yj�jwXvDw�x\yjz�uYt`�¡��wV��wXvD}4z
m�^=i6Yxdri_`bd��blm�_drqr��qâ^�Yxqâlm]gcb]�d�� �_i_�-`bdr]_��]_^ts&cb]�s�`��P�_lm]���Yxl&dr]�i_�	cb]L$~}%Ç@��ADmBY3���-`blm^bq�dr]_�&�blm�xu�dr�
cb]�i_�-`binjb]�drqr��qvs�]gwa`bq¢�-^ts�� s���`�s�qrdrqâ�m�_�&�G�-`bl&cb� u�^bqrl&dr]_�&i_�-^bcbqâs�qr�-^b��cb]�d�� �_i_�-`bdr]_��]_^ts\S�deY3�m�-l�s�qr]
cb]_��s�`����_lm]_�_�9m�^b]�Yx�b�blm�\��qâ��YÈs�qr�-^�drqr^b�6Yxqâlm]~Y�� s���`�s�qrdrqâ�m�_]"�G�-`bl��-¡�s�]_^bqrl�dr]_��[ÈYxdr]_`blm�(Yx`	�à�Z�-qr^as���cb`
��YxqrdâdrY"�-]�� [-�-qrl(�bdr`b�(dr�-qr^àdr]_�(cb� snYxqrdr�n�k�
o	`bl(deYp��lm�-^ts�q��_lm]~�m�-drqrcb]xXb�-^�Yps�]_^a`�i_�-����s�]�cb`f�-dâqr�m�m]_��]_^as(cb]�[	qâs�]_�m�m]�snYx^#�-]_^ts�qr]_drdr]

uS
τ

] s�cb`3��Yx`�s
cb]�s�]_���G�_l�YÈs�`blm]

T S − TW Xb]_^�`�snqâdrqr��Yx^ts(dr]_�(]k���blm]_�m��qr�-^b���m`bqâ[ÈYx^as�]_�Y_vV!�^a��

uS
τ =

1.012

ρ
µ

√

2

(R/M)T

(

∂uτ

∂n

)

,

T S − TW =
2 − 0.827αe

2αe

γ

γ − 1

1

Pr

√
π

ρ
√

2(R/M)T
µ

(

∂T

∂n

)

,
�8���âV6ya�

��o
TW deY�s�]_���G�_l�YÈs�`blm]3cb]���Yxlm�-q �2A�]�i_�	]XC�i_qr]_^as�c@� Yxi i_�-�����	c�YÈs�qr�-^

αe
Y�� s��3�m`b�b�G�-�m� �V�tYxd4S

d�� `b^bqâs��g_vV!�^a �Go	�-`b�(���-lm��]�Yxcbqr��]_^b�mqr�-^b^b]_drdâ]xX��-^��_i_lmqâs��

uS
τ = 1.012 ·

√
2τ

√

p

ρ

(

∂uτ

∂n

)

,

T S − TW =
2 − 0.827αe

2αe

γ

γ − 1

1

Pr

√

π

2
· τ
√

p

ρ

(

∂T

∂n

)

.
�8���âV9z-�

A�]_�hi_�-^bcbqâs�qr�-^b�hYx`	�3drqr��qvs�]_���-^ash� s����blmqr�m]_�hi_�-����]��m`bqâs��
H o	`blhdr]_�h�m]_i s�qr�-^b�hcb]��m�-l�s�qr]�cb]_�(s�`��P�_lm]_�&�

~u(y, z) = ~ue(y, z), p(y, z) = pe(y, z), ρ(y, z) = ρe(y, z),

H �m`bl�deYp��Yxlm�-q��m�-drqrcb]

un = 0, uτ = uS
τ ,

∂p

∂n
= 0, T = T S,

��o
uS

τ

] s
T S �m�-^ts�cb� u�^bqr�h��Yxl&�8���âV9z-�k�

�x�



r(1) = 5.657 × 10−4 � r(2) = 1.265 × 10−3 �
ρ(1) = 2.663 × 10−2 W��a�È� 3 ρ(2) = 2.118 × 10−2 W��a�È� 3

T (1) = 116.1
�

T (2) = 184.9
�

u(1)
x = 1.272 × 103 ���È� u(2)

x = 1.118 × 103 ���È�
u(1)

r = 99.13
���È�

u(2)
r = 2.142 × 102 ���È�

|u(1)
y | = |u(1)

z | = u(1)
r /

√
2 |u(2)

y | = u(2)
r · 3/

√
10
X |u(2)

z | = u(2)
r /

√
10

�I����� ����� H � Yxdr]_`blm�h`�s�qrdrqâ�m�_]_�(�G�-`bl(dr]_�h�blm�xu�dr�(c�Yx^b�hdr]_�(�m]_i s�qr�-^b��cb]��m�-l�s�qr]�cb]_�(s�`����_lm]_�

H o	`blhdeYp��lm�-^ts�q��_lm]�cblm�-qâs�]�� Y6[ÈYxd �kXbcb]_�G©$�m�x� shi_�-^bcbqâs�qr�-^b�'ªg�
∂~u

∂n
= 0,

∂ρ

∂n
= 0,

∂p

∂n
= 0.

H o	`blhdeYp��lm�-^ts�q��_lm]�deYÈs��_l�Yxdr]xXcb]_�5©$�m�x� shi_�-^bcbqâs�qr�-^b�'ªnX��G�-`bl(`b^b]&�m�-l�s�qr]�c�Yx^b�hdr]~[	qrcb]g�
∂~u

∂n
= 0,

∂ρ

∂n
= 0,

∂p

∂n
= 0

�8���âV!�t�
�-`�dr]_�(i_�-^bcbqâs�qr�-^b�(cb`f�tY"B�Yx�p¡bqeYx^as��mq

p∞ 6= 0

∂uτ

∂n
= 0, un = 0, ρ = ρ∞, p = p∞.

�8���âV9|-�

H o	`blhdr]_�h�bdeYx^b�(cb]����	��� s�lmqr]g�

un = 0,
∂uτ

∂n
= 0,

∂ρ

∂n
= 0,

∂p

∂n
= 0.

�`qiÒ <|��ÓYxY��w�vlÔj��}Õyhtj���G��wVrRte}
}~^�Y(`�s�qrdrqâ�m��deY���� s�jb�	cb]�cb]_��cbq�Tö�_lm]_^bi_]_�¨u�^bqr]_�_�!A�]�cb�-��Yxqr^b],cb]¢i6Yxdâi_`bdt]_��s�i_�-`�[-]_l�sÒ��Yxl�`b^&��YxqrdrdrY^�-]
lm]_i snYx^#�-`bdeYxqrlm]�^b�-^=`b^bqâ���-lm��]x�DA¨Y3u,�-`blm]������3qrdrdâ`b��s�lm]�d�� Yx�b�blm�6��qr��YÈs�qâ�-^�`�s�qrdrqr�m�_]��G�-`bl&]_��s�qr��]_l&dr]_�
i_�-^bcbqâs�qr�-^b��cb]à�m�-l�s�qr]�cb]_�ps�`����_lm]_�_��3$dI��Y V9� �Z�-qr^as��pcb]���YxqrdrdrY^�-]�c�Yx^b�gdeY �m]_i s�qr�-^�cb]à�m�-l�s�qr]�cb]
inj�Yxwa`b]~s�`����_lm]��LV\{�]_^àl�Yxqr�m�-^�cb]~deY&���	��� s�lmqr]\�k��A¨Y�cbqr��snYx^bi_]"cb]~i_]_���G�-qr^ts���Yx`�i_]_^ts�lm]~cb]~deY�s�`����_lm]
]_��s��m�-qâs

r(1) Xx�m�-qâs r(2) �"�"qâ^b��q	qrda�m`�C�s�cb]�i_�-^b^�Y^Ørs�lm]�dr]_�Ò��Yxl�Yx�R� s�lm]_�Òcb]�d�� �_i_�-`bdr]_��]_^ts2S"cb]_`	�p[ÈYxdr]_`blm�cb`�l�Y��-�-^ �
r(1) ] s r(2) �k�,A¨YgsnYx¡bdr]������g���-^ts�lm]�i_]_�h[ÈYxdr]_`blm�_X�i6Yxdri_`bdr�_]_�h��YxlhYx�b�blm�\��qr��YÈs�qâ�-^àdrqr^b�6Yxqâlm]S�s�l�Y6[-]_lm�~dr]_�"lm�_�m`bdâsnYÈs��"cb]U$~}�Ç@��ADm!�G�-`bl"dr]51�] s<3n�[A�]_�~i_�-���Z�-��Yx^as�]_�"cb]�[	qâs�]_�m�m]p�m`bqâ[ÈYx^as

y
] s

z�m�-^ts�cb� s�]_lm��qr^b�_]_�cSg��Yxl�s�qrl(cb]�deYpi_�-���G�-��Yx^ts�]�l�YxcbqeYÈdr]
ur
�

���-`bl�dr]21�] s�8pXtdr]_�,[xYxdr]_`blm��i_�-lmlm]_�m�G�-^bc�Yx^ts�]_���m�-^ts¢dr�V���_lm]_��]_^ts¢cbq�Tö�_lm]_^ts�]_�¢]_^�l�Yxqr�m�-^�cb]hcbq�Tö�_lm]_^bi_]_�
�m`bl(dr]~l�Y!�-�-^3cb]�deY&s�`��P�_lm]xX��m�-^3cb]_��qv�LYx^#�-dâ]"] sh�m�-^3cb�_¡bqâs6�#�~Yx^b�hdr]~i6Yx�(cb]�deYp�mqr�p`bdeYÈs�qâ�-^�cb`U1�] sG8
Y6[t]_i"`b^à��YxqrdâdrY"�x]hu�^�� [xYxlmqeYx^ts�]���X���Y"�-]~�xya�kXac�Y\[ÈYx^asnY"�-]"cb]"�G�-qr^ts���cb]"��YxqrdâdrY"�-](s��-�g¡Z]_^as�c�Yx^b��deY
�m]_i s�qr�-^pcb]��m�-l�s�qr]¢] s,deY(snYx¡bdr]¢i_qv�$cb]_�m�m`b�,]_��s,���	cbqâu��_]¢]_^pi_�-^b�m�_wa`b]_^bi_]-�P�~Yx^b�Òdr]_��cb]_`	�pi6Yx�(�8��YxqrdrdrY^�-]
^b�-lm��Yxd�] s�u�^Z�"dr]_�~�blm�xu�dr�~]_^��m]_i s�qr�-^�c@� �'1�]_i s�qr�-^�cb]gdrY�s�`����_lm]��G�x`bl�dr]c1�] s%8 �m�-^ts�dr]_���m`bqâ[ÈYx^ts��g�
�blm�xu�dGcb]"�blm]_�m�mqr�-^�i_�-^b��snYx^ts6X��blm�xu�dZcb]~cb]_^b�mqâs��"drqr^b�6Yxqâlm]�Y\[-]_i~`b^���Y9��qr�p`b���m`bl�d�� Y9��]g�8Yx�m�m`bl�Yx^ts�dr]
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r2r1

X=0 plane

Symmetry plane

Nozzle exit

¥7¦¨§5� ����� H �"�-��Yxqr^b]~cb]&i6YÈdri_`bd
cb�_¡bqâs�i_�-lmlm]_i sk�kX����	cb`bdr]�cb]~deY&[	qâs�]_�m�m]~i_�-^b��snYx^as6X��blm�xu�dGcb]"[	qâs�]_�m�m]�l�YxcbqeYxdr]"Yx�m�m`bl�Yx^ts(dr]"cb]_��qv�LYx^#�-dâ]
i_�-lmlm]_i s�cb]�deY�s�`��P�_lm]���i_�-����]�Yx`3��Yxl�Y"�-l�Yx�bjb]��	� ya�k�
A¨Y���lm�-^ts�q��_lm]4�tYx`bikjb]p����Yxlm�-qZ�m�-drqrcb]h] s��m]_i s�qr�-^b��cb]��m�-l�snqâ]�cb]_�¢s�`����_lm]_�n�¢]_��s��bdeYxi_�_]�]_^ts�lm]"dr]��blm]_��qr]_l
] shdr]��m]_i_�-^bc�^b�	]_`bc3cb`���YxqrdâdrY"�x]~c�Yx^b�(deYpcbqrlm]_i s�qr�-^

x
�8{�X

j
X
k
Yx^bc�V-X

j
X
k
�k�,A�]_�h��Yxl�Yx�R� s�lm]_�4SgdrY

�m�-l�s�qr]�cb]�deY�s�`��P�_lm]��V� ]k���blmqr��]_^as6X���Yxl(]k��]_���bdr]xX�i_�-����]
ρejk = 0.5(ρ0jk + ρ1jk)

�
A�]�cb�_¡bqâscSps�l�Y\[-]_lm�hdeYps�`����_lm]&]_��s�]_��s�qr����S�{����x{-{g�a�È�(�G�-`blhdr]71�] s43�] s�S�{����ÈybV��a�È�(�G�-`blhdr]71�] s58pX
c@� Yx�bl;�_��dr]_�¢i_�-^bcbqâs�qr�-^b��Yx`�i_�-d �b�~Yx^b��dr]��bl�� ��] ^as(i6Yxdri_`bd Xa]_^�l�Yxqr�m�-^�cb]"deY&cbqr�mi_lm� s�qr��YÈs�qr�-^�Xt�-^�s�lm�-`�[-]
`b^�cb�_¡bqâsh�V�tYxdDS

J =
∫

ρ ux dy dz ≈ 4h2
yzρ

(1)u(1)
x + 8h2

yzρ
(2)u(2)

x

�-{



= (re/2)
2(4ρ(1)u(1)

x + 8ρ(2)u(2)
x ),

J ≈ 0.216
�a�È�(�G�-`blhdr]71�] s43

,

J ≈ 0.247
�a�È�h�Z�-`blhdr]71�] s48pXb��YxqrdâdeY^�-]~^b�-lm��Yxd

,

��ogd�� qr^ts��V�-l�YÈs�qâ�-^�]_��s��8Yxqvsn]¢�m`bl,s��-`�s�]�deY��m]_i s�qr�-^gcb](�m�-l�s�qr]�cb]�deY�s�`����_lm](c�Yx^b��dr]��bdeYx^
Y Z

] s�i6Yxdri_`bdr�_]
��Yxl�`b^b]�Yx�b�blm�\��qr��YÈs�qâ�-^ lm]_i snYx^#�-`bdeYxqrlm]x�D�"qr^b�mq X¨dr]�cb�_¡bqâsp]_��sp�mqr�g`bdr��i_�-lmlm]_i s�]_��]_^ts���S�z
	U�bl;�_�n�kX
��Yxd��-lm��dr]��Z] s�qâsg^b�-�p¡blm]�cb]à�Z�-qr^as���c�Yx^b�gdeY �m]_i s�qr�-^�cb]à�m�-l�s�qr]x�2�~Yx^b�gdr]�i6Yx�gcb`F1�] sU8?Y6[-]_ià`b^
��YxqrdâdrY"�-]�u�^�Xö� [ÈYxlmqeYx^as�]4��Xa��Y"�-]��xya�kX-c�Y\[ÈYx^asnY"�-]hcb]h^b�	]_`bcb��s��-�g¡Z]_^as�c�Yx^b�¢deY��m]_i s�qr�-^�cb]��m�-l�s�qr](] s
deYg���-lm�p`bdr]�c@� qr^ts��V�-l�YÈs�qr�-^�Y�� s��&���	cbqâu��_]x�G}~^�s�lm�-`�[-]�Yxdr�-lm�h`b^ cb�_¡bqâs"cb] J = 0.241

�a�È�p��i6Yxdri_`bdr�
Y6[t]_i�deYp�RQ_��]�qr^ts��V�-l�YÈs�qr�-^à��YxlhYx�b�blm�\��qâ��YÈs�qr�-^�lm]_i snYx^#�-`bdeYxqrlm]\�k�
A�]_�&i6Yxdâi_`bdr���-^ts&� s���]�Tö]_i s�`b�_�pY6[-]_i�`b^ �mikjb�_��Y�Yx`	��cbq�Tö�_lm]_^bi_]_��u�^bqr]_��i_]_^as�lm�_]_�&c@� `b^b]��blm�_i_qr�mqr�-^
O(h2)

���Ò�-`bl��m`blm���-^as�]_l�dr]h�blm�-¡bd��_��]hj�Yx¡bqâs�`b]_d�cb]_���-�mi_qrdrdrYÈs�qâ�-^b��c�Yx^b�¢dr]_�¢lm�V�-qr�-^b��cb]h���-l�sI�-l�Yxcbqr]_^ts
���bl;�_��cb]"deY&�m]_i s�qr�-^�cb]"�m�-l�s�qr]\�kX

τ
]_��s�lm]_���bdeYxi_��c�Yx^b��dr]_�¢s�]_lm��]_��cbqr�m�mqr��YÈs�qâ���"����Yx`���i_]_`	��i_�-^as�]_^�Yx^ts

cb]_�(cb�_lmqâ[-�_]_�(�m��YÈs�qeYxdr]_����q¾�	sn] �k����Yxl�`b^b]~[ÈYxdr]_`bl�]�Tö]_i s�qâ[-]~wa`bq��V� �_i_lmqâs(�m�-`b�����-lm��]~Yxcbqr��]_^b�mqr�-^b^b]_drdâ]

τ ]�T = τ + βhmin/
√

T ,
�8���âV\�t�

��o
hmin

]_��s�dr]3��Yx��cb]���YxqrdâdeY^�-]à��qr^bqâ��YÈd ��W�] sms�]��blm�	i_�_cb`blm] ]_��s��m]_�p¡bdeYx¡bdr]jS d�� Yx�b�blm�	injb]�¡bqr]_^
i_�-^b^a`b]&cbqâs�]�© [-]_i s��-lL�$�m�bdrqâsms�qr^#�^ª��
A�]g�minjb�_��YàYx`	��cbq�Tö�_lm]_^bi_]_��u�^bqr]_��Y�� s��glm�_�m�-dr`���Yxl~`b^b]�YÈ�b�bl��ainjb]g]k���bdrqri_qâs�]p��o�deY��m�-dr`�s�qr�-^���snY9�
s�qr�-^b^�Yxqrlm]�]_��s&�x¡�sn] ^	`b]gi_�-����]pdeY�drqr��qvs�]�c@� `b^ �blm�	i_]_�m�m`b�&�k[t�-dr`�Yx^ts�c�Yx^b��dr]�s�]_���b�_�(A�]gikjb�-qv��cb`
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x = 0, y = 0
�k�Z}~^3cb�-^b^b]�dr]_�(lm�_�m`bdâsnYÈs��(�G�-`bl

p∞ = 1
�ÒY�� [xYxlmqeYx^ts�]

���,] s¢�Z�-`bl�`b^b]�cb� s�]_^ts�]�c�Yx^b��dr]�[	qrcb]�� [xYxlmqeYx^ts�]46(�k��A�]_��[xYxdr]_`blm��cb`hJ�`	�gs�jb]_lm��qrwa`b]
q
^b]��Z]_`�[t]_^ts

�blm�_�m]_^ts�]_l�wa`@� `b^�Yxi_i_�-lmc�wa`�YxdrqâsnYÈs�qv��Y\[-]_i�d�� ]k���G�_lmqr]_^bi_]R_ z�a XZ�Òq��-�_��V9z	X�V!���
A�]_��u,�-`blm]_�����âV!� H �����x{�lm]_�blm�_�m]_^as�]_^ts�dr]_�h[xYxdr]_`blm�"�m`bl"d�� Y9��]à� z = 0, y = 0

�h�G�-`bl�deY�i_�-^bi_]_^ts�l�YÈs�qr�-^
���-dr�_i_`bdeYxqâlm]xX-^b�-lm��Yxdrqâ�m�_]���Yxl���Y&[ÈYxdr]_`bl

n0 = 9.657× 1025 � −3 Xa] s��Z�-`bl¢dr]�^b�-�p¡blm]�cb]<. Yxikj��b}"^cb�-^b^b]¢dr]_�¨lm�_�m`bdâsnYÈs����G�-`bl
p∞ = 1

�,Y�� [xYxlmqeYx^ts�]�����] sÒ�G�-`bl¨`b^b]¢cb� s�]_^as�]¢c�Yx^b��dr]�[	qrcb]~� [ÈYxlmqeYx^as�]�6(�k�
3$dr�h�m�-^as"i �-����Yxlm�_�"Y6[t]_i&dr]_��lm�_�m`bdâsnYÈs��h]k���G�_lmqr��]_^tsnYx`	� cb�-^b^b� �"��Yxl\_ �^a X � Yx¡bdr]����9A:� Yx¡b�mi_qr�m�m]

x
]_��s

^b�-lm��Yxdrqâ�m�_]���Yxl
rc = 0.2

�����9A¨Y�cbqr��s�lmqr¡b`�s�qr�-^3cb]�i_�-^bi_] ^as�l�YÈs�qr�-^ ���-dr�_i `bdeYxqrl�]�]_��s~�blm�aikjb]�cb]&��Y
[xYxdr] `bl�]k���G�_lmqr��]_^tsnYxdr]x�^��drdr]�]_��sÒs��-`�s2Sh�8Yxqâs¨qr^b�m]_^b�mqr¡bdr]7S�deYh�blm]_�m�mqr�-^pYx�g¡bqeYÈ^as�]x��A:� qr^ts�]_l�Yxi s�qr�-^&]_^ts�lm]
dr]_�(1�]ksn�¢]_��s¢[	qr�mqr¡bdr]�Yx`	�R�-l�Yx^bcb]_��Yx¡b�mi_qr�m�m]_���m`bl�dr]_��lm�_�m`bdâsnYÈs��¢^a`b���_lmqrwa`b]_�_X�Yxdr�-lm��wa`@� ]_drdr]�^@� Yx�b��Yxl�Y^Ørs

�-�



��Yx�Ò]_^bi_�-lm]��m`blÒdr]_�Òlm�_�m`bdâsnYÈs���]k���G�_lmqr��]_^tsnYx`	�ö�"�Ò�-`blÒcb]7�-l�Yx^bcb]_�,Yx¡b�mi_qr�m�m]_�_Xxdr]_�¨[xYxdr]_`blm�Òi6Yxdri_`bdr�_]_��cb`
^b�-�p¡blm]�cb]5. Yxikjp�m�-^ts��bdr`b���G] s�qâs�]_�Òwa`b]�i_]_drdr]_�Ò]_��s�qr���_]_�2S"��Yxl�s�qrl¨cb]_�,]k���G�_lmqr]_^bi_]_��Y6[t]_i�`b^�s�`b¡G]�cb]
��qâs��xs6�9. Yxqr�hd�� �_i6Yxl�s"Yx�b��Yxl�Y^Ørshc�Yx^b�h`b^ cb�-��Yxqr^b]���o�deYps�]_���G�_l�YÈs�`blm]�^@� ]_��s"wa`b]&wa`b]_drwa`b]_�<��]_dâ[	qr^b�
] s���o�dr]h^b�-�g¡blm]hcb]%. Yxinj�^@� ]_��s���Yx�¢�mq��-^bqâu�i6YÈs�qâ�ö]_^�l�Yxqr�m�-^�c@� `b^����-l�s¢cb�_�m�_wa`bqrdrqr¡blm]hs�l�Yx^b�mdeYÈs�qr�-^b^b]_d8X
i_]�wa`bq¨Y^Tö]_i s�]&dâ]_�h��]_�m`blm]_��Yx`3s�`b¡G]�cb]Y��qâs��xs6�
A�]_�(u,�-`blm]_�"�����	V H �	���-�plm]_�blm�_�m]_^ts�]_^as"dr]_�(�blm�xu�dr�(s�l�Yx^b��[-]_lm��Yx`	��cb]�i_�-^bi_]_^as�l�YÈs�qr�-^3���-dr�_i_`bdeYxqâlm]x�#A�]_�lm�_�m`bdâsnYÈs����-¡�s�]_^a`b���G�-`bl

p∞ = 1
�ÒYà� [xYxlmqeYÈ^as�]c����] s��G�-`bl�`b^b]"cb� s�]_^ts�]~c�Yx^b��dr]h[	qrcb]g� [ÈYxlmqeYx^as�]c6(�

�m�-^tsh[-�-qr�mqr^b�_�G}"^��G]_`�s�^b�xs�]_lh`b^�Yxi_i_�-lmc Y\[-]_i�dr]_�hlm�_�m`bdâsnYÈs��(]k���G�_lmqr��]_^tsnYx`	�=��_ �^a XZ�Òq��b���-z-�k�
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³#Á'Ë�ÌIÄ�»(¸'&�(%Û)(+*,�
���-`bl&dr]_��[xYxlmqeYx^ts�]_�&�blm�_�m]_^ts��_]_�pc�Yx^b�&i_] sms�]��m]_i s�qr�-^�X¨dr]��bdeYx^�cb]����	��� s�lmqr]`S

z = 0
]_��s�lm]_���bdeYxi_�

��Yxl(`b^b]&��Yxlm�-q��m�-drqrcb]��8�Òq��b�b���âV9�k�
���-`blpdr]_��[xYxlmqeYx^ts�]_��W�] sh�(XÒdeYF�-lmqrdrdâ]�cb]�i6Yxdri_`bd��

Nx × Ny × Nz
��� snYxqâs

140 × 42 × 62
NÒdr]���Yx�

c�Yx^b�~deY�cbqrlm]_i s�qr�-^
x
� snYxqâs

hx = re = 1.7
���½NGdr]���Yx�~��qr^bqr��Yxd¨c�Yx^b�~dr]_�~cbqrlm]_i s�qr�-^b�

y
] s

z
� snYxqâs

hyz = re/2 = 0.85
�����

���-`bl"deY�[xYxlmqeYx^ts�]\��XödeYh�-lmqrdrdâ]�� snYxqâs
140 × 56 × 96

NGdr]���Yx�"c�Yx^b�"deY�cbqrlm]_i s�qr�-^
x
� snYxqâs

hx = re =
1.7
���½N�dr]���Yx�h��qr^bqr��Yxdöc�Yx^b�hdr]_�(cbqrlm]_i s�qr�-^b�

y
]ks

z
�kskYÈqâs

hyz = re/4 = 0.425
�����

A�]_�&[xYxlmqeYx^ts�]_�gW!] sg�N�m�-^as�qrcb]_^as�qrwa`b]_�&��Yx`��hwa`b]�dr]���YxqrdâdrY"�x]�� snYxqâs�cb]_`	�=���-qr���bdr`b�&u�^ c�Yx^b��dr]_�
cbqrlm]_i s�qr�-^b�

y
] s

z
�G�-`bl(deY�[xYxlmqeYx^ts�]%���9�~Yx^b�hi_]�i6Yx�_Xbdr]��minjb�_��Ygc@� Yx�b�blm�\��qr��YÈs�qâ�-^�cb]_�hi_�-^bcbqâs�qr�-^b�

cb]��m�-l�s�qr]�cb]�deY�s�`��P�_lm]�]_��s"cbq�Tö�_lm]_^tshcb]�i_]_dr`bq�qr^bcbqrwa`b���m`blhdeY�u,�-`blm]&�����	�
A�]_��lm�_�m`bdâsnYÈs���i_�-lmlm]_�m�G�x^bc�Yx^as��&�m�-^ts&���-^ts�lm�_���m`bl�dr]_�~u,�-`blm]_�������x� H �	� �t��] s���] sms�]_^as�]_^ � [	qrcb]_^bi_]deY�cb�_�Z]_^bc�Yx^bi_]p]_^���YxqrdâdrY"�x]�cb]&deY�i_�-^bi_] ^as�l�YÈs�qr�-^����-dr�_i_`bdeYxqâlm]xX�cb]&deYgs�]_���Z�_l�YÈs�`blm]xXZcb]�deYp[	qâs�]_�m�m]
] s�cb`�drqr¡blm]~��Yxlmi_�-`blm�h���!�-]_^�dr�	i6Yxd �
A�]_�(u,�-`blm]_�"�����x� H �����Èyglm]_�blm�_�m]_^ts�]_^as"dr]_�hdrq��-^b]_��qr�m�	cb]_^b�mqâs���c�Yx^b�hdr]��bdeYx^ (x, y = 0, z)

�9A¨Ygi_�-^bi_]_^	�
s�l�YÈs�qr�-^à���-dr�_i_`bdeYÈqrl�]~]_��s�^b�-lm��Yxdrqâ�m�_]~��Yxlh��Yp[xYÈdr]_`bl

n0 = 1.054 × 1026 � −3 �9A�] �hdrq��-^b]_�(i6Yxdâi_`bdr�_]_��m�-^ts&]_^ ¡Z�-^=Yxi_i_�xl�c Y6[t]_i�dr]_��lm�_�m`bdâsnYÈs���]k���G�_lmqr��]_^tsnYx`	�÷��_ �^a X��Òq��b���Èya�k�@$��xs��-^b��wa`b]�dr]_��lm�_�m`bdâsnYÈs��
�-¡�s�]_^a`b��Y6[-]_igdr]���YxqrdâdrY"�-]&dr]��bdr`b��u�^4�8�Òq��b� �����Èya���m�-^as��bdr`b�"�blm�	injb]_��cb]_�"[xYxdr]_`blm�~]k���G� l�qâ��]_^asnYxdr]_�
wa`b]�i_]_`	���-¡�s�]_^	`b��Y6[t]_i�dr]���YxqrdâdrY"�-]~^b�-lm��Yxd��8�Òq��b�b�����x�t�k�
A�]_�&u,�-`blm]_�g�����-z H �����x�3lm]_�blm�_�m]_^as�]_^ts�dr]_�&drq��-^b]_�&qr�m�xs�jb]_lm��]_��] spqr�m�-¡�YÈl�] �6�lA�]_��s�]_���G�_l�YÈs�`blm]_���m�-^ts^b�-lm��Yxdrqâ�m�_]_�(��Yxl

T0 = 1100
�g�

A�]_��u,�-`blm]_�h�����"� H ��� �-{�lm]_�blm�_�m]_^ts�]�dr]_��[-]_i s�]_`blm�L� [	qâs�]_�m��]_��i6Yxdri_`bdr�_��c�Yx^b�(dr]~�RQ_��]"�bdeYx^à] s(wa`b]_drwa`b]_�drq��-^b]_�Òcb](i_�-`bl�Yx^as6�����-`bl�dr]_��cb]_`	�g��YxqrdâdrY"�-]_�_XÈqrd�^@� �gY~��Yx��c@� �_i_�-`bdr]_��]_^ts�cb](lm] s��-`bl_X-i_�-����]�i"� � snYxqâs
dr]�i6Yx�h�G�-`bl(dr]_�([ÈYxlmqeYx^as�]_�5� ] sc6¥�8�Òq��-�_�b��� � H ���âV\{t�k�A�]_�àu,�-`blm]_����� ��V H ��� �t�=lm]_�blm�_�m]_^ts�]_^as deY cbqr��s�lmqr¡b`�s�qr�x^
cb`2^b�-�p¡blm]�cb]p��^a`bcb�m]_^Mdr�	i6Yxd"cb� u�^bq�qri_qi_�-����]

λ/(2 re)
�

A�]_��u,�-`blm]_����� �-� H ��� ���h�blm�_�m]_^as�]_^ts�dr]_�Ò�blm�xu�dr�¨s�l�Yx^b��[t]_lm��Yx`	�pcb]�i_�-^bi_]_^ts�l�YÈs�qr�-^����-dr�_i_`bdeYxqâlm]x�!3$dr�Ò�m�-^ts]_^�¡G�-^�Yxi_i_�-lmc Y6[t]_i�dr]_�hlm�_�m`bdâsnYÈs��(]k���G�_lmqr��]_^tsnYx`	�=��_ �^a XZ�Òq��-�_���	V-XZ�-�	���
A�]_�"u,�-`blm]_����� �t| H ��� yt{�lm]_�blm�_�m]_^as�]_^ts&dr]_�"cbqr��snlmqr¡b`�s�qr�x^b�"¡bqrcbqr��]_^b�mqr�x^b^b]_drdâ]_�"cb]p�blm]_�m�mqr�-^�] s�cb]UJ�`	�s�jb]_lm��qrwa`b]US�deY���Yxlm�-q��

z = 0
�k��f�Yx�b�G]_dr�-^b�"wa`b]gdr]YJ�`	� s�jb]_lm��qrwa`b]�i6Yxdri_`bdr��^@� ]_��s���Yx�~�mq��-^bqâu�i6YÈs�qâ�

��i �L����Y"�-]��-�t�k�
�xy



A�]_��u,�-`blm]_�g��� ybV H ��� ya�àlm]_�blm�_�m]_^as�]_^ts�dr]_��cbqr��s�lmqr¡b`�s�qr�-^b�&dr�-^#�-qvs�`bcbqr^�Yxdâ]_�&dr]�dr�-^#� cb]�deY���Yxlm�-q"� z =
−17

����X
y = 0

���Z�-`bl&deY3�blm]_�m�mqr�-^=] s�dr]gJ�`	� s�jb]_lm��qrwa`b]x�D��drdr]_�&�m�-^ts�i_�-����Yxlm�_]_��Yx`	� lm�_�m`bdâsnYÈs��
]k���G�_lmqr��]_^tsnYx`	��cb]\_ �!a Xa�Òq��b�az~] s¢cb]\_ y"a X � Yx¡bdr]"�^����A�]h�blm�xu�d�cb]h�blm]_�m�mqr�-^��-¡�s�]_^	`�Y6[-]_i�dr](��YxqrdrdrY^�-]
u�^�]_��s��bdr`b���blm�	injb]�cb]_�¢[ÈYxdr]_`blm�¢]k���G�_lmqr��]_^tsnYxdr]_��wa`b]�i_]_dr`bqZ�-¡�s�]_^a`�Y6[t]_i�dr]h��YxqrdâdrY"�-]�^b�-lm��Yxd �aW�]_deY
i_�-^�u�lm��]�deYgi_�-^t[-]_l;�-]_^bi_]�cb]�deYp��� s�jb�	cb]�cb]_�hcbq�Tö�_lm]_^bi_]_�hu�^bqr]_�_�
A¨Y"u,�-`blm]h��� ya�~�blm�_�m]_^ts�]hdr]_�2J�`	�ps�jb]_lm��qrwa`b]_��]k���G�_lmqr��]_^tsnYx`	��] s�i6Yxdâi_`bdr�_�_XPS~cb]_��u�^b��cb](i_�-����Yxl�Yxqv�
�m�-^�����Yxqr�,dr]_�,[xYxdr]_`blm��i6Yxdri_`bdr�_]_���-^ts�� s��h�g`bdâs�qâ�bdrqâ�_]_�,��Yxl��-z.-��k�PA¨Y�cbqr��s�lmqr¡b`�s�qr�-^gcb]5J�`	�gs�jb]_lm��qrwa`b]
cb�_�G]_^bc����-l�s�]_��]_^tshcb`���YxqrdâdrY"�-]xX	i_�-^as�l�Yxqrlm]_��]_^tscSgdeYpcb]_^b�mqâs��xX9S�deYp�blm]_�m�mqr�-^�] s�deY�[	qâs�]_�m�m]x�
A¨Y�u,�-`blm]à��� yt� lm]_�blm�_�m]_^as�]àdeY cbqr��s�lmqr¡b`�s�qr�x^ s�l�Yx^b��[t] l���Yxdâ]àcb]��blm]_�m�mqr�-^ºS deY ��Yxlm�-q~�

x = 40
����X

z = −17
�����kX�i_�-����Yxlm�_]��V�tYxdr]_��]_^ts&Yx`	� lm�_�m`bdâsnYÈs���]k���G�_lmqr��]_^tsnYx`	� cb]F_ ��a X¨�Òq�� |	�DA�]_�&�blm�xu�dr�

]k���G�_lmqr��]_^tsnYx`	���-¡�s�]_^a`b�(��Yxl�dr]"��YxqrdâdrY"�-]hu�^à�m�-^ts(�bdr`b���blm�	injb]_�(cb]~d�� ]k���G�_lmqr]_^bi_]�wa`b]~i_]_�(�-¡�s�]_^a`b�
��Yxl(dr]���YxqrdâdrY"�-]~^b�-lm��Yxd �
A�]_�Òlm�_�m`bdâsnYÈs����m`bqâ[ÈYx^as���i_�-lmlm]_�m�G�-^bcb]_^ts:S�deY([xYxlmqeYÈ^as�]I�(XÈwa`bqa]_��s,deYh�RQ_��]�wa`b](W"X9��Yx`���wa`b]�deY(s�`����_lm]
Y�� s��~Y6[ÈYx^bi_�_]<S&d�� qr^ts��_lmqr]_`bl�cb`�cb�-��Yxqr^b](cb]�i6Yxdri_`bd Xt��Y&�m]_i s�qr�-^�cb]��m�-l�snqâ]�� snYx^ts�]_^

x = 117.3
�����

�"qr^b�mq�dâ]��p`bl&[-]_l�s�qri6Yxd�]_��sgdr�-qr^=cb]_lmlmq��_lm]�deY3s�`��P�_lm]à]ksg^@� Y^Tö]_i s�]à��Yx�pd�� �_i_�-`bdr]_��]_^tspdr]�dr�-^#��cb]�deY
�bdeYxwa`b]�]_^�Yxlmlmq��_lm]�cb]�deYhs�`��P�_lm]x���~Yx^b��i_]�i6Yx�_Xxdr]�cb�-��Yxqr^b]�cb]�i6Yxdri_`bd�cbq�T[�_lm]�cb]�i_]_dr`bq	lm]_�blm�_�m]_^as��(�m`bl
deYhu,�-`blm](���âV-�-W�] sms�]�i_�-^�u,�-`bl�YÈs�qr�-^pY"� s���s�]_��s��_](�Z�-`bl,��] sms�lm]�]_^g� [	qrcb] ^bi_](`b^g� [-]_^ts�`b]_db�_i_�-`bdr]_��]_^as
cb]�lm] s��-`blhwa`bq¨Yx`bl�Yxqâs(� s���]_���OQ_injb�&��Yxl(deYp�blm�_�m]_^bi_]�c@� `b^b]&��Yxlm�-qö[-]_l�s�qri6Yxdr]�]_^

x = 0
�

A�]_�¢u,�-`blm]_�(��� yxybX H ��� yP�&lm]_�blm�_�m]_^ts�]_^tshdr]_�¢i_�-`blm¡G]_��qr�m�acb]_^b�mqâs��g��deY�i_�-^bi_]_^ts�l�YÈs�qr�-^����-dr�_i_`bdeYxqâlm]h� snYx^ts^b�-lm��Yxdrqâ�m�_]p��Yxl
n0 = 1.054 × 1026 � −3 �kX�dr]_�~[-]_i s�]_`blm�L� [	qâs�]_�m�m]6�&] s&wa`b]_drwa`b]_��drq��-^b]_��cb]gi_�-`bl�Yx^ts] s~deY�cbqr��s�lmqr¡b`�s�qr�x^�dr�-^#�-qâs�`bcbqâ^�Yxdâ]�cb]��blm]_�m�mqr�-^MS�deY���Yxlm�-q X�i_�-lmlm]_�m�G�-^bc�Yx^ts�Yx`	��u,�-`blm]_�~�����x��XG�����"��X

��� ybV-�-}~^p�G]_`�s,[-�-qrl(�8�Òq��b�9��� yaz-�¨`b^g�_i_�-`bdr]_��]_^ts,]_^ts�l�Yx^as:S�s�l�Y\[-]_lm�,deYh��lm�-^as�q��_lm]¢deYÈs��_l�Yxdr]¢�m`b�Z�_lmqr]_`blm]xX
i_]"wa`bqGi_�x^bcb`bqâsGS&cb�_¡bqâs�Yxcbcbqâs�qr�-^b^b]_d �PA�]��blm�xu�dGcb]��blm]_�m�mqr�-^��8�Òq��b�t��� yP�t��^@� ]_��s���Yx�¢�mqG�bl;�_��cb`��blm�xu�d
]k���G�_lmqr��]_^tsnYxdr]àwa`b]�i_]_dr`bq(�blm�_�m]_^ts�� �m`bl�deY�u,�-`blm]���� ybV-��$��6Yx^b���-qr^b�gdr]ài6Yxdri_`bd(cb]3deY�[xYxlmqeYx^ts�]j�
���-^ts�lm]�d�� Yx¡b�m]_^bi_]�c@� �_i_�-`bdr]_��]_^ashcb]�lm] s��-`blh�RQ_��]�]_^�d�� Yx¡b�m]_^bi_]�cb]���Yxlm�-qö[t]_l�s�qri6Yxdr]
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Vectors Ux, Uz
P inf = 1 Pa Nozzle at x = 117.3 mm
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Pressure distribution (x=y=0)
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P inf = 0

¥7¦¨§5� ��� ��V H ��lm�xu�d�cb]��blm]_�m�mqr�-^�i6Yxdri_`bdr�

-150 -100 -50 0
0

0.05

0.1

0.15

z (mm)

q
(k

W
/m

2)

Converging jets I, 2H = 146 mm
Normal thermal flux
(x=y=0)

P inf = 0
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qr����Yxi s��m`bl�`b^b]��m`bl��8Yxi_]��G]_lm�Z]_^bcbqri_`bdeYxqrlm]�Y � s���� s�`bcbqr�_] ^	`b���_lmqrwa`b]_��]_^ts��Z�-`bl�dr]_��i_�-^bcbqâs�qr�-^b�
wa`bq~i_�-lmlm]_�m�Z�-^bcb]_^asfS cb]_�à]k���Z�_lmqr]_^bi_]_�3]�Tö]_i s�`b�_]_��c�Yx^b��deY=�m�-`�æ�]_lmqr]MS ¡�Yx�m�m]�cb]_^b�mqâs�� o�f��=cb`
deYx¡G�-l�YÈs��-qâlm]~c@� �(�_lm�xs�jb]_lm��qrwa`b]R_ �^a �
�"]_�51�] s���c@� Y"B_�xs�]�� snYxqr]_^tsY�-�_^b�_lm�_�&��Yxl�`b^b]gs�`��P�_lm]�i_�-^bqrwa`b]�cb]�cb]_��qv�LYx^#�-dâ]�V\{àcb]V�-lm�_�_X�Y6[-]_i�`b^b]
s�]_���G�_l�YÈs�`blm]j�-�_^b�_l�YÈs�lmqri_]

T0 = 600 K
� [ÈYxlmqeYx^as�]e���p] s

1100
� � [xYxlmqeYÈ^as�]j6(�p] s�`b^b]��blm]_�m�mqr�-^

�-�_^b�_l�YÈs�lmqri_]
p0 = 0.5

¡�Yxl&� � Yx¡bdr]�yb�âV9�k�#A�]�^b�-�p¡blm]�cb]Y. Yxinj�^b�-��qr^�Yxdöc�Yx^b�(deYp�m]_i s�qr�-^3c@� �'1�]_i s�qr�-^
cb]�deY�s�`��P�_lm]�� snYxqâsh�V�tYxd(S����
A¨Y3�blm]_�m�mqr�-^=]k�	s��_lmqr]_`blm]

p∞
[xYxlmqeYxqâs�]_^as�lm]��3] s��-�-{f�ÒY��l�"]_`	�=�bdeYxwa`b]_�&�bdeYx^b]_���-^as&� s���i_�-^#n_`b]_�_X

lm]_�m�G]_i s�qâ[-]_��]_^tsg�G�-`bl�cb]_����]_�m`blm]_�pcb]��blm]_�m�mqr�-^ ] spcb]`J�`	� s�jb]_lm��qrwa`b]x����drdr]_�&� snYxqr]_^tsp�bdeYxi �_]_�gS
`b^b]�cbqr��snYx^bi_]

zmax = 40 re = 0.1644
� cb]�deY=s�`����_lm]xX

re
cb�_�mq��-^�Yx^ts�dr]�l�Y��-�-^2cb]�deY �m]_i s�qr�-^

c@� �'1�]_i s�qr�-^��2A:� ]k���G�_lmqr]_^bi_]3Y����-^ts�lm�M_ ��a(wa`b]��G�-`blpcb]��8Yxqr¡bdr] �&[xYxdr]_`blm�pcb]àdeY��blm]_�m�mqr�-^ ]k�	s��_lmqr]_`blm]
�
p∞ = 8, 16, 33

�,Yt�kX�dr]�ikjb�ai�qr^bcb`bqâs�cb] [ÈYx^as�deY3�bdeYxwa`b]�i_�-`b��Yxqâs&d�� Y9��]�cb`j1�] sUS3d�� qr^ts��_lmqr]_`bl�cb]�deY
�blm]_��q��_lm]�i_]_drdr`bdr]�c@� ]n����Yx^b�mqr�-^��2���-`bl�cb]��bdr`b�\�-l�Yx^bcb]_�&[xYxdr]_`blm��cb]

p∞
X�deY3��Yxl�s�qr]�i_]_^as�l�Yxdr]�cb]�deY

�bdeYxwa`b](�m](s�lm�-`�[ÈYxqâs�]_^�Y6[ÈYxdbcb]hdeY"�bl�] ��q��_lm](lm]_i_�-���blm]_�m�mqr�-^��PA�]_����Yxl�Yx�h� s�l�] ��cb]hd�� �_i_�-`bdr]_��]_^ts��m�-^ts
cb�-^b^b�_��c�Yx^b�hdeY�snYx¡bdr]�yb�âV-�

«eq�° �Lx��2��te�Vu%vDwVx\y��jt¡ j��xY¢j��£4��}
A�]��blm�-¡bd��_��]�i_�-^b�mqrcb�_lm��]_��s�lm�_�m�-dr` c�Yx^b�p`b^b]����-lm�p`bdeYÈs�qâ�-^ Y9��qr���	���ksnlmqrwa`b]��

r − z
��`�s�qrdrqâ��Yx^as�dâ]_�

�_wa`�YÈs�qr�-^b��
�������A¨Y~dr�-q	cb]�[	qr�mi_�-�mqâs���]_��s��bl�qâ��]�i_�-����]
µ ∼ T ω �PA�](cb�-��Yxqr^b]�cb]�i6Yxdri_`bd�]_��s����-^ts�lm�

z-�
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�I����� yb�âV H �ÒYxl�Yx�R� s�lm]_�hcb]�d�� �_i_�-`bdr]_��]_^ts
�m`bl,deY�u,�-`blm]�yb�âV-�-W��-����]�i_�-^bcbqâs�qr�-^b�,Yx`	�pdrqr��qvs�]_�_XÈd�� Yxcbjb�_lm]_^bi_](Y~� s����m`b�b�G�-�m�_](dr]�dr�-^#�"cb]�deY"��Yxlm�-q
�tYx`binjb]�] s&�m`bl�deY��bdeYxwa`b]xX�Y\[-]_i�`b^b]gs�]_���G�_l�YÈs�`blm]

Tww = 293
�g�(A�]_�&i_�x^bcbqâs�qr�-^b��j�Yx¡bqâs�`b]_drdr]_�~cb]

���	��� s�lmqr]�] s�dr]_��©$�m�x� s�i_�x^bcbqâs�qr�-^b�'ª��-^ts�� s���Yx�b�bdrqrwa`b� ]_��lm]_�m�G]_i s�qâ[-]_��]_^ts¢�m`bl�d�� Y9��](] s��m`bl�deY���lm�-^ts�q��_lm]
�m`b�G�_lmqr]_`blm]x�9��^��m�-l�s�qr]�cb]�s�`��P�_lm]xX�`b^��blm�xu�d�cb]�i_�-`binjb]&drqr��qvs�]~deYx��qâ^�Yxqâlm]�Y�� s���qr���Z�-�m�x�
���-`bl�deY�lm�_�m�-dr`�s�qr�-^÷cb]_���_wa`�YÈs�qr�-^b�e
�����X�`b^«�mikjb�_��Y cb�_i_�-`b�bdr� cb�_i_]_^as�lm��Y � s���Yx�b�bdrqrwa`b� Yx`	�
s�]_lm��]_��cbqr�m��qâ��YÈs�qâ����Yxcbcbqâs�qr�-^b^b]_dr�,cb`����	��si�_��]�
����!� [t�-qrl5_vV9��a��G�-`bl�dr]_��cb� snYxqrdr�n�k�Pm�^b](�bl�� i_qr�mqr�-^�cb`
cb]_`	��q��_��]��-lmcblm]�Y"�ksn���-¡�s�]_^a`b]_�,]_^�Yx�b�bdrqrwa`�Yx^tsÒd�� Yx�b�blm�6��qr��Y9s�qr�x^&��snYx^bc�YxlmcR.Fm~obW7A3] s,dr]�drqr��qvs�]_`bl
d ��qr^b���	cDdÈ�#���-`blhdr]_��s�]_lm��]_�hcbq�Tö`b�mqâ���_Xb`b^3�mikjb�_��Y�i_]_^ts�lm��cb`�cb]_`	��q��_��]��-lmcblm]&Yg� s��&Yx�b�bdrqrwa`b�x�

«eq�� A��4zDte�Xvlu%vlz�}Gv��ewVzD�GtjzDz(w�x\y
A�]_��i6Yxdâi_`bdr�,�-^ts�� s���]�Tö]_i s�`b�_���G�-`bl,cb]�d�� Y"B_�xs�]��

γ = 1.4
X
ω = 0.74

X
Pr = 0.736

�kX-�Z�-`bl���[ÈYxlmqeYx^as�]_�
cb]_��i_�-^bcbqvsnqâ�-^b��c@� �_i_�-`bdr]_��]_^ts�]_^=�m�-l�s�qr]�cb]�s�`����_lm]��]1�] s��Y�B] sU6 ��]_^as�qr�-^b^b�_��c�Yx^b�&deYàsnYx¡bdr]�yb�âV
��] s��G�-`bl%��[xYxdr]_`blm�~cb]gdeY��blm]_�m�mqr�-^�]k�	s��_lmqr]_`blm]

p∞ = 8, 16, 33, 66, 160
] s

330
�,Y�Xölm]_�blm�	cb`bqr��Yx^ts

Yxqr^b�mqZdr]_�¢i_�-^bcbqâs�qr�-^b��]k���G�_lmqr��]_^tsnYxdr]_�~� � Yx¡bdr]�yb� �t�k�bA�]_�¢[ÈYxlmqeYx^ts�]_�"V H ��i_�-lmlm]_�m�G�-^bcb]_^tshYx`�1�] sG6"X	dr]_�[xYxlmqeYx^ts�]_��| H ��Yx`U1�] sc������-`blhs��-`�s�]_��dr]_�h[ÈYxlmqeYx^ts�]_�_XZ`b^ ��YxqrdâdrY"�-]�lm]_i snYx^#�x`bdeYxqrlm]&Y�� s��&`�s�qrdrqâ�m�&Y6[-]_i�cb]_����Yx�
hr min = 0.1 re] s

hz = 0.25 re
� [xYxlmqeYx^ts�]_�&V-X��g] s�|x� X��-`

hz = 0.5re
� [ÈYxlmqeYx^as�]_��� H ��XG��] s<�t�k�OA�]&^b�-�p¡blm]&cb]&��Yx�[xYxlmqeYxqvs¢cb]

161× 115
�
rmax = 100 re

���G�-`bl�dr]_��[xYxlmqeYx^ts�]_�"V-Xb��] sh|\S
81× 73

�
rmax = 40 re

���Z�-`bl
dr]_��[xYxlmqeYx^ts�]_��� H ��X��g] s�����~Yx^b��deY�snYx¡bdr]�yb� ���-^�Y�qr^bcbqrwa`b��d�� � s�]_^bcb`b]

zc cb]"deY&�blm]_��q��_lm]�i_]_drdr`bdr]hc@� ]k����Yx^b�mqr�-^�X	s�lm�-`�[-�_]~��YÈl�dr]i6Yxdri_`bd�c�Yx^b�~dr]�i6Yx�~c@� `b^b]pqr^ts�]_l�Yxi s�qr�-^�XGYxqr^b�mq�wa`b]pdr]_�~]_��s�qr��YÈs�qâ�-^b��cb]pi_] sms�]pwa`�Yx^as�qâs����Z�-`bl~`b^R1�] s
drqr¡blm]xX��m`bqâ[xYx^ts�cb]_�h]_��s�qr��YÈs�qr�-^b��cb]��"¡bl�Yx���\[	qrinj

(zAB)
X,�"�mj#Wx]_^�Yx�

(zAS)
] s�A�]_^#�-l�Yx^bc

(zL)
�

A¨Y�cbqr��snYx^bi_]h]_^ts�lm]hdeY~�m�-l�snqâ](cb]hdeY~s�`����_lm]h] s¢deY~��Yxlm�-q�]_��s¢�V�tYxdr]4S
zmax/re = 40

�PA��-lm�mwa`b]�d�� � s�]_^bcb`b]
]_��s�qr���_]¢cb]¢deYh�blm]_��q��_lm]¢i_]_drdr`bdr]�c@� ]k����Yx^b�mqr�-^�]_��s,�bdr`b�l�-l�Yx^bcb]�wa`b]�deYhcbqr��snYx^bi_]7S�deYh��Yxlm�-qö� [ÈYxlmqeYx^as�]_�
V-Xx�h] s�|-�kX9d�� �_i_�-`bdr]_��]_^tsÒ]_��s,��snYÈs�qr�-^b^�Yxqrlm]x�È}~^pYhs�lm�-`�[t��wa`b]�d�� � snYÈs���snYÈs�qr�-^b^�Yxqrlm]�� snYxqâsÒ�-¡�s�]_^a`gYx�bl;�_�
`b^÷i_]_l�snYxqr^4^b�-�g¡blm]3c@� �-�mi_qrdrdeYÈs�qâ�-^b�_�:A�]�^bqâ[t]6Yx`4cb] i_]_���-�mi_qrdrdrYÈs�qâ�-^b��Yx`#�-��]_^as�]�Y\[-]_i deY��blm]_�m�mqr�-^
]k�	s��_lmqr]_`blm]x�:3Ld��m]3���-lm��]�`b^4injb�	i3cblm�-qâs6X,�mqr��qrdrYxqâlm]LS�`b^b]3lm��J�]k��qr�-^4cb]F. Yxinj4c�Yx^b��`b^M1�] s�drqr¡blm]
��. f"���,dr]�^b�-�g¡blm]�cb]j. Yxikj dr�ai6Yxd�]_��s��bdr`b�U�-l�Yx^bc�wa`b]�V3cb] [ÈYx^ts�dr]�ikjb�aià] s��bdr`b�p�G] s�qâsgwa`b]�V
cb]_lmlmq��_lm]�dr]�injb�	ix�DA�]_�&qr�m�xs�jb]_lm��]_��] s�qr�m�-¡�Yxlm]_���Z�-`bl&dr]_��[ÈYxlmqeYx^ts�]_���à] sg|à�m�-^ts&���-^as�lm�_]_���m`bl&dr]_�
u,�-`blm]_�hyb���gS�yb��z	�
���-`bl�dr]_��[ÈYxlmqeYx^ts�]_�&�à] s���X�drYà�blm]_��q��_lm]gi_]_drdr`bdr]pc@� ]k����Yx^b�mqr�-^ c�Yx^b��dr]�1�] s&drqr¡blm]p�V� � s�]_^bcj1�`b�mwa`@� Yx`

zx�



[-�-qr�mqr^�Y"�-]�cb]�deY��G�-�mqâs�qr�-^ cb]�deY��bdeYxwa`b]x���Ò�x`blpi_]_��[xYxlmqeYx^ts�]_�_X��-^=s�lm�-`�[t]�deY��RQ_��]���s�lm`bi s�`blm]�cb]
d�� �_i_�-`bdr]_��]_^ts�wa`b]��Z�-`bl&deY�[ÈYxlmqeYx^as�]��	X���Yxqr��deYà�m�-dr`�s�qr�-^�^a`b���_lmqrwa`b]�]_��s�qr^b��snYÈs�qr�-^b^�Yxqrlm]x�(A�Y3�G�È�
�mqâs�qr�-^�cb]gd�� �-^bcb]pcb]ginjb�	ig�-�mi_qâdrdr]�c�Yx^b��dr]_�~drqr��qvs�]_�"qr^bcbqrwa`b�_]_��c�Yx^b�~deY�snYx¡bdr]�yb� ���@A�]_���-�mi_qâdrdeYÈs�qâ�-^b�
s�]_���G�-lm]_drdr]_�(cb]&deY��blm]_�m�mqr�-^�Yx` �Z�-qr^as�cb]&���	��� s�lmqr]&�m`bl�deYg�bdeYxwa`b]��

r = 0
���m�-^as"�blm�_�m]_^ts��_]_�~�m`bl"deY

u,�-`blm]�yb�âV\{g�Z�-`blhdeY�[xYxlmqeYx^ts�]��g] s��m`blhdeYpu,�-`blm]�yb�âV-V��Z�-`blhdeY�[xYxlmqeYx^ts�]����
�"]_`	��]k��]_���bdr]_�~cb]pcbqr��s�lmqr¡b`�s�qr�x^ cb]�deY��blm]_�m�mqr�-^�Yxcbqr��]_^b�mqr�x^b^b]_drdr]

p(r)/pe
] s�cb`FJ�`	� s�jb]_lm��qrwa`b]

q(r)
�m`bl~deY���Yxlm�-q��G�-`bl~deY�[ÈYxlmqeYx^tsn]p���m�-^as�cb�-^b^b�_���m`bl~dr]_�"u,�-`blm]_�~yb� ��] s�yb��|�Yx`	��qâ^b�msnYx^ts��

t1
] s

t2
X	wa`bq�i_�-lmlm]_�m�G�-^bcb]_^tscSpdeY��bdr`b���G] s�qâs�]��

t1
�¢] s4SpdeY��bdr`b�7�-l�Yx^bcb]��

t2
��Yx¡b�mi_qr�m�m]�cb]~d�� �-^bcb]"cb]�injb�	ix�

A�]_���RQ_��]_��cbqr��s�lmqr¡b`�s�qr�-^b�,cb]��blm]_�m�mqr�-^�] s¢cb]5J�`	��s�jb]_lm��qrwa`b](�G�-`bl�deY~[ÈYxlmqeYx^as�]h���m�-^ts¢cb�-^b^b�_]_�¢�m`bl
dr]_��u,�-`blm]_��y�� �&] s�yb� �����"`�i_�-`blm��cb]_���-�mi_qrdrdrYÈs�qâ�-^b�_XtdeY��G�-�mqâs�qr�-^�cb`�injb�	i��m]"cb�_�bdeYxi_]�dr]�dr�-^#��cb]"d�� Y9��]
�8�Òq��-�_�ayb�âV9� H yb�âV\z-�k��A¨YUB_�-^b]~cb]~lm]_i_qrlmi_`bdeYÈs�qr�x^�cb]_lmlmq��_lm]~d�� �-^bcb]"cb]~injb�	i~inj�Yx^#�-]~cb]~i_�-^�u,�-`bl�YÈs�qr�-^���8�Òq��-�_�Zyb�âV!� H yb�âV9|-�k�OA¨Y�u,�-`blm]pyb�âV\��lm]_�blm�_�m]_^ts�]gdeY�cbqr��s�lmqr¡b`�s�qr�-^ cb`�^b�-�p¡blm]�cb]h. Yxinj�dr]�dr�-^#��cb]d�� Y9��]�Yx`	�3qr^b��snYx^ts��

t1
] s

t2
�

���-`bl�dr]_�¨[ÈYxlmqeYx^as�]_�¨ybX�z	X �h] s2��X9deY(cbqr��snYx^bi_]7S�deY(��Yxlm�-qa]_��sÒ�bdr`b�l�-l�Yx^bcb]�wa`b]�d�� � s�]_^bcb`b]¢cb]�deY(�blm]_��q��_lm]
i_]_drdr`bdr]�c@� ]k����Yx^b�mqr�-^��[���-`bl"deYg[xYxlmqeYx^ts�]&ybXZ`b^b]�i_]_drdr`bdr]�c@� ]k����Yx^b�mqr�-^��m]&���-lm��]&cb] [ÈYx^as~deY���Yxlm�-q X�] s
�G�-`bl(dr]_�([ÈYxlmqeYx^ts�]_�c�g] s���Xbcb]_`	��i_]_drdr`bdr]_��c@� ]k����Yx^b�mqr�-^ �m]����-lm��]_^ts6�
�~Yx^b��i_]_�¢[xYxlmqeYx^ts�]_�_Xadr]hikj�Yx����c@� �_i_�x`bdr]_��]_^as�lm]_��s�]"��snYÈs�qr�-^b^�Yxqrlm]xXt��Yxqr��dr]_�¢lm��J�]k��qr�-^b���-^ts���Yxqr^ts�]k�
^�Yx^ts�`b^ i6Yxl�Yxi si�_lm]&lm�V�-`bdrqr]_l&�8f�f c�YÈ^b��deYpsnYx¡bdr]�yb� �t�~��dr]�^b�-�p¡blm]�cb]U. Yxinj dr�ai6Yxd�cb�_��Yx�m�m]�d�� `b^bqâs��
cb] [xYx^ts�] s¢cb]_lmlmq��_lm]hd�� �-^bcb]hcb]�injb�	ix�bA�]_��qr�m�-¡�Yxlm]_�¢] s¢dr]_��qr�m�xs�jb]_lm��]_���G�-`bl�dr]_��[ÈYxlmqeYx^as�]_��y&] s7���m�-^ts
���-^ts�lm�_]_���m`bl�dr]_�¢u,�-`blm]_��yb���	V-X	yb���-�	X	yb���x��X	yb���Èyb��A�Ypcbqr��s�lmqr¡b`�s�qr�x^�cb`à^b�-�p¡blm]"cb]�. Yxinjàdr]"dr�-^#��cb]
z
�G�-`bl(dr]_��[xYxlmqeYx^ts�]_���à��. f"��] s(y �8f�f"�¢]_��sh���-^ts�lm�_]��m`bl(deY&u,�-`blm]�yb�âV!��Xb]ksh�G�-`bl(dr]_��[xYxlmqeYx^ts�]_��|

��. f"��] s�� �8f�f"�¢�m`blhdr]_�(u,�-`blm]_�hyb���x{��
A¨Y�cbqr��s�lmqr¡b`�s�qr�-^�i6Yxdri_`bdr�_]3cb]�deY��blm]_�m�mqr�-^÷Yxcbqr��]_^b�mqr�-^b^b]_drdâ]

p/pe
] s�cb`)J�`	� s�jb]_lm��qrwa`b]

q
�Z�-`bl

dr]_�~[ÈYxlmqeYx^as�]_�gV-X��	X ybX ��X�|�] sY�à]_��s����-^as�lm�_]g�m`bl�dr]_�~u,�-`blm]_��yb���-z���yb���x��Xöyb���"��Xöyb� �-{�X�yb� ��V-Xöyb� �t�	�(A¨Y
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W ÿ 5 > ÿ�6 î�í ú � û ý õ X
p∞ ñóþ,ÿVô 8 16 33 66 160 330
zAB/re 87.5 61.9 43.1 30.5 19.6 13.6

zAS/re 105.9 74.9 52.2 36.9 23.7 16.5
zL/re 80.8 56.0 40.0 28.0 18.0 12.6

zc/re 33.5 29.5 28.5 ∼ 30.0 32.0 20.5 15.0

������� yb��� H fh�_�m`bdâsnYÈs��(cb]�i6Yxdri_`bd X�[ÈYxlmqeYx^as�]�6

W ÿ 5 > ÿ�6 î�í ÷ ø �
p∞ ñóþ,ÿVô 8 33 330
zAB/re 86.9 42.8 13.5

zAS/re 105.9 52.2 16.5
zL/re 80.1 39.8 12.5

zc/re 33.5 23.0 − 25.5 16.0

������� yb� � H fh�_�m`bdâsnYÈs��(cb]�i6Yxdri_`bd X�[ÈYxlmqeYx^as�]%�

[xYxlmqeYx^ts V � � y z �
pexp 0.038 0.048 0.068 0.7 1.2 1.9
pcal 0.029 0.038 0.039 − 0.071 0.49 0.47 1.72
qexp 6. · 103 1.2 · 103 9.5 · 102 4.5 · 104 1.2 · 105 8. · 104

qcal 3.1 · 103 3.0 · 103 −95. ∼ +250 5.6 · 102 2.5 · 103 5.5103

���2�l� yb� y H ��lm]_�m�mqr�-^plm�_cb`bqâs�] p/pe
] slJ�`	�&s�jb]_lm��qrwa`b]

q[W/m2]
Yx`�i_]_^ts�lm]�cb]¢deYh�bdeYxwa`b]xX6[xYxlmqeYx^ts�]I6

[xYxlmqeYx^ts | � �
pexp 0.038 0.078 1.79
pcal 0.028 0.034 ∼ 0.077 1.52
qexp 1.75 · 103 490. 0.28 · 104

qcal 0.62 · 103 −230. ∼ +250. 8.0 · 104

���2�l� yb��z H ��lm]_�m�mqr�-^�lm�_cb`bqâs�] p/pe
] slJ�`	��s�jb]_lm��qrwa`b]

q[W/m2]
Yx`&i_]_^ts�lm]�cb]¢deY(�bdeYxwa`b]xX\[ÈYxlmqeYx^tsn]:�

z-z
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9 1.54E+00
8 1.39E+00
7 1.24E+00
6 1.08E+00
5 9.27E-01
4 7.73E-01
3 6.18E-01
2 4.64E-01
1 3.10E-01
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14 4.65E-02
13 4.30E-02
12 3.95E-02
11 3.60E-02
10 3.25E-02
9 2.90E-02
8 2.55E-02
7 2.20E-02
6 1.85E-02
5 1.50E-02
4 1.15E-02
3 8.00E-03
2 4.50E-03
1 1.00E-03
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15 2.58E+00
14 2.42E+00
13 2.25E+00
12 2.09E+00
11 1.92E+00
10 1.76E+00
9 1.60E+00
8 1.43E+00
7 1.27E+00
6 1.10E+00
5 9.39E-01
4 7.74E-01
3 6.10E-01
2 4.45E-01
1 2.81E-01
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15 1.00E-02
14 9.31E-03
13 8.63E-03
12 7.94E-03
11 7.26E-03
10 6.57E-03
9 5.89E-03
8 5.20E-03
7 4.51E-03
6 3.83E-03
5 3.14E-03
4 2.46E-03
3 1.77E-03
2 1.09E-03
1 4.00E-04
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Level T
14 2.72E+00
13 2.55E+00
12 2.38E+00
11 2.21E+00
10 2.04E+00
9 1.87E+00
8 1.70E+00
7 1.53E+00
6 1.19E+00
5 1.02E+00
4 8.53E-01
3 6.83E-01
2 5.14E-01
1 3.44E-01

r/re

z/re
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17 1.00E-01
16 9.34E-02
15 8.69E-02
14 8.03E-02
13 7.37E-02
12 6.71E-02
11 6.06E-02
10 5.40E-02
9 4.74E-02
8 4.09E-02
7 3.43E-02
6 2.96E-02
5 2.85E-02
4 2.77E-02
3 2.11E-02
2 1.46E-02
1 8.00E-03

r/re

z/re

¥7¦¨§5� yb�âV\� H 3$�m�-¡�Yxlm]_���G�-`bl�deY�[ÈYxlmqeYx^as�]��	X�S(d�� qr^b�L�snYx^ts
t1

1

1

2

23

3

4

4
45

5

6

6

67

77
7

7

7

7
7

7

7

7

8

8

8

9

9

10 10
11

11

1213

14

0 10 20 30 40
0

10

20

30

Level T
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13 2.55E+00
12 2.38E+00
11 2.21E+00
10 2.04E+00
9 1.87E+00
8 1.70E+00
7 1.53E+00
6 1.19E+00
5 1.02E+00
4 8.53E-01
3 6.83E-01
2 5.14E-01
1 3.44E-01
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17 1.00E-01
16 9.34E-02
15 8.69E-02
14 8.03E-02
13 7.37E-02
12 6.71E-02
11 6.06E-02
10 5.40E-02
9 4.74E-02
8 4.09E-02
7 3.43E-02
6 2.96E-02
5 2.85E-02
4 2.77E-02
3 2.11E-02
2 1.46E-02
1 8.00E-03
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5 1.02E+00
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3 7.18E-01
2 5.68E-01
1 4.18E-01

r/re

z/re

¥7¦¨§5� yb���x� H 3$�m�xs�jb]_lm��]_�_X�[ÈYxlmqeYx^as�]��

234 4
45 6

6
7

7 7
8 8

9

9

9

10

10

10
12

12

13

14
14

15
15

15

16

17

17

0 10 20 30 40
0

10

20

30

Level P
17 2.00E-01
16 1.86E-01
15 1.72E-01
14 1.58E-01
13 1.43E-01
12 1.29E-01
11 1.15E-01
10 1.10E-01
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