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Abstract—Based on seven wellknown test problems, reflecting the outstanding characteristics of nonsta
tionary flows of an inviscid gas, the possibilities of using a quasihydrodynamic algorithm for the numerical
solution of Euler equations are investigated.
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INTRODUCTION
The numerical calculation of nonstationary flows
of compressible gas in one dimension by the space
approximation is a wellknown way to estimate the
possibilities of numerical algorithms.
The onedimensional flows of an ideal gas have
been well studied, and for the gap collapse problem
type, selfsimilar solutions of the Euler equations exist
[1], [2], which serve as a reliable standard for verifica
tion of the accuracy and convergence of numerical
solutions. A representative system of tests is collected
in [3, 4], where calculations of onedimensional non
stationary flows of an ideal gas are made on the basis of
ten different numerical algorithms. These algorithms
sufficiently represent the possibility of the finitedif
ference approach to solving the equations of gas
dynamics in Eulerian variables.
In this paper, these tests verified the possibility of a
numerical algorithm based on the quasihydrody
namic system of equations constructed in the works of
Yu.V. Sheretov (see, for example, [5, 6]).
Quasihydrodynamic equations, or Shepetov
equations, may be considered as a system describing
the flow of a viscous compressible gas and generalizing
NavierStokes equations. By comparison with the
Navier–Stokes system, the Sheretov system involves
regularizing additions to the equations in the form of
second spatial derivatives with a small parameter as a
multiplier. Simplification of these equations is
obtained for the case of a viscous incompressible fluid,
this allowed us to construct efficient numerical algo
rithms for solving the nonstationary problems of
forced and free convection. However, the use of Shere
tov equations to calculate the compressible flows has
hardly been studied. The numerical solution of a pis

ton [5], which show the performance of the model, is
an exception.
The system of quasigas dynamic equations which
was the basis for the Sheretov system allowed us to
construct a family of numerical algorithms that are
extremely efficient for the calculation of compressible
viscous gas ([5–7]). However, this system is essentially
based on the equation of state of an ideal gas, which is
inadequate for many practical applications. It there
fore seems timely to explore the possibilities of numer
ical methods for the computation of compressible
flows based on the Sheretov system, for which the
equation of state has a more general form.
1. THE SYSTEM OF EQUATIONS
AND NUMERICAL ALGORITHM
The quasihydrodynamic system of Sheretov equa
tions for onedimensional plane flows of a viscous gas
in conventional notation has the form
∂ρ ∂j m
(1)

+  = 0,
∂t ∂x
∂ρu ∂j m u ∂p
∂Π
 + 
 +  = ,
∂t
∂x
∂x
∂x

(2)

∂E ∂j m H ∂q
(3)
 + 
 +  = ∂Πu
 .
∂t
∂x
∂x
∂x
Here E and H are the full energy of volume unit and
full specific enthalpy that are calculated by the formu
las: E = ρu2/2 + ρε and H = (E + p)/ρ. The mass flux
density vector is calculated as
j m = ρ ( u – w ),
where the addition to the speed has the form
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τ
∂u ∂p
w =  ⎛ ρu  + ⎞ .
⎝
ρ
∂x ∂x⎠
The viscous stress tensor component including in
the system of equations (1)–(3) is determined as:
4 ∂u
Π =  μ  + ρuw.
3 ∂x
The vector of the heat flow q equals
q = – κ ∂T
,
∂x
where μ is the coefficient of dynamic viscosity, κ =
μγR/((γ – 1)Pr) is the conductivity coefficient, γ is the
adiabatic indicator, Pr is the Prandtl number, τ =
μ/pSc is a relaxation parameter having a time dimen
sion, and Sc is the Schmidt number.
The system of equations (1)–(3) allows closure of
the form
(4)
p = p ( ρ, T ), ε = ε ( ρ, T ).
However, in the following calculations for compar
ison with existing numerical results we will use the
state equations of an ideal gas
p .
p = ρRT, ε = 
ρ(γ – 1)
For the convenience of the numerical solution the
system of equations (1)–(3) is reduced to a dimen
sionless form using the basic values of the density ρ0,
sound velocity c0 = γRT 0 and length L. The reduc
tion to a dimensionless form does not alter the form of
the equations.
We introduce a uniform grid to coordinate x with
step h and a time grid with step Δt. We will determine
the values of all the gasdynamic quantities: velocity,
density, and pressure, in the grid nodes. The values of
flow values are defined in the halfinteger nodes. To
solve (1)–(3) we use a scheme that is explicit in time,
first proposed in [5] for the numerical solution of the
problem of a piston:
Δt
(5)
ρ̂ i = ρ i –  ( j mi + 1/2 – j mi – 1/2 ),
h
ρ i u i = ρ i u i + Δt
 [ ( Π i + 1/2 – Π i – 1/2 )
h
(6)
– ( p i + 1/2 – p i – 1/2 ) – ( j mi – 1/2 u i + 1/2 – j mi – 1/2 u i – 1/2 ) ],
ˆ = E + Δt
E
 ( Π i + 1/2 u i + 1/2 – Π i – 1/2 u i – 1/2 ) 
i
i
h
j mi + 1/2
– ( q i + 1/2 – q i – 1/2 ) – ⎛ 
(E
+ p i + 1/2 )
⎝ ρ i + 1/2 i + 1/2
j mi – 1/2
– 
 ( E i – 1/2 + p i – 1/2 ) ⎞ ,
⎠
ρ i – 1/2
2

ρi ui ⎞
 .
p i = ( γ – 1 ) ⎛ E i – 
⎝
2 ⎠

(7)

The discrete analog of the mass flux density jm has
the form
(8)
j mi + 1/2 = ρ i + 1/2 ( u i + 1/2 – w i + 1/2 ),
where addition to the velocity is calculated as
τ i + 1/2 ⎛
u i + 1 – u i p i + 1 – p i⎞
w i + 1/2 = 
 ρ i + 1/2 u i + 1/2 
 +  . (9)
ρ i + 1/2 ⎝
h
h ⎠
The discrete expressions for Π and q are written
similarly. The order of accuracy of difference scheme
(5)–(9) is O(h2 + Δt).
During the numerical solution of Euler equations
at the base of the system (1)–(3) all dissipative terms,
that is the terms with coefficients μ, κ and τ, are con
sidered as artificial regularizers. Herewith, the relax
ation parameter and the coefficients of viscosity and
thermal conductivity are interrelated and in dimen
sionless form are computed as
h
τpSc
(10)
τ = α  , μ = τpSc, κ =  ,
c
Pr ( γ – 1 )
where 0 < α is the numerical coefficient. In the calcu
lation presented bellow Pr = 1 and Sc = 1.
The scheme (5)–(10) formally has the order
O(αh + Δt). The calculations presented below confirm
that the decrease of coefficient α within certain limits
is equivalent to the condensation of the spatial grid by
α times.
The difference scheme above (5)–(10) meets the
Courant stability condition. The time step is chosen
from the ratio
h
Δt = β min ⎛  ⎞ ,
⎝ c⎠

(11)

where β > 0 is a numerical coefficient or the Courant
number.
2. RIEMANN PROBLEMS
OF THE COLLAPSE OF DECAY
This section discusses the problem of collapse of
decay, as discussed in [3, 4]. These problems are fully
reflected in the distinctive and complex features for
numerical simulation of nonstationary gasdynamic
flow. The initial data for the collapse of the discontinu
ity problem are given in Table 1, in accordance with
the notation used in [3, 4]. Namely, the values of gas
dynamic quantities on the left of the discontinuity are
marked by L, on the right, by the index R. The time for
which the graphs are built is indicated in Table 1 and is
denoted as tfin.
The boundary conditions coincide with the corre
sponding initial conditions at the ends of the compu
tational domain. In all variants of calculation γ = 1.4,
except for the Noh problem (3), with γ = 5/3. The
length of the domain of calculation is equal to 1, the
discontinuity is located at 0. Testing of the quasigas
dynamic equations in these examples is presented in [8].
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The initial conditions for Riemann problems
Test

ρL

uL

pL

ρR

uR

pR

tfin

1
2
3
3a
4
5
6

1
1
1
1
5.99924
1.4
1.4

0.75
–2
1
–19.59745
19.5975
0
0.1

1
0.4
10–6
1000
460.894
1
1

0.125
1
1
1
5.99924
1
1

0
2
–1
–19.59745
–6.19633
0
0.1

0.1
0.4
10–6
0.01
46.095
1
1

0.2
0.15
1
0.012
0.035
2
2

Test 1. In this problem characteristics features
inherent in supersonic flows occur, a wave of rarefac
tion, contact discontinuity, and a shock wave.
The algorithm considered provides a sustainable
solution to this problem as an agreed choice of the
coefficients α and β in formulas (10) and (11), respec
tively. In Fig. 1a the maximum value of the parameter
β is shown, which determines the time step for a sus
tainable account dependence of the value of the regu
larization parameter α for the test problem 1 and the
following examples.
Convergence of numerical solutions to the self
similar solution of the problem (the gray line in this
and the following figures) at the concentration of the
spatial grid for α = 0.4, β = 0.1 is illustrated in Fig. 1b.
Here the value of the regularization parameter α is
twice exceeded the corresponding value for the quasi
gas dynamic algorithm [8].
Test 2. In this problem the flow corresponds to two
rarefaction waves, scattered from the center of the
domain. The complexity of the numerical solution of
this problem is due to the fact that in the center
between scattered flows the gas density and pressure
are very low, but at the same time the internal energy
ε = p/(ρ(γ – 1)) does not tend to zero. It should be
noted that all known finite difference scheme in the
Eulerian formulation inadequately describe the
behavior of the internal energy in this problem, see, for
example, [3, 4].
In Figure 2 the distribution of density and internal
energy in this problem for α = 0.5, β = 0.1 is shown.
We can see the convergence of solutions to selfsimilar
solution with the concentration of the grid for the
graph of density and internal energy. However, in con
trast to the results of [8], even for the calculations that
are the most detailed in the grid in the distribution of
internal energy near the center of domain the maxi
mum is conserved; the existence of this maximum
contradicts the selfsimilar solution and represents the
socalled entropy trace. The domain of the sustainable
solution of this problem is shown in Fig. 1a.
Tests 3 (Noh problem) and 3a. The first test repre
sents the collision of two hypersonic flows of cold
dense gas, which leads to the formation of two scat
tered infinitely strong shock waves, between which sta
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tionary gas with a constant density and pressure
remains. Indeed, according to the initial conditions
(table), the velocity of sound in the unperturbed flow
is c = γp R /ρ R = 0.0013. The velocity of the wave
propagation is equal to 1, i.e., the Mach number Ma =
uL/c = 775. It is known that in terrestrial conditions,
the maximum attainable Mach number is around 30.
The second test describes the gasdynamic flow of the
type of compression of gas found in a thermonuclear
blast. The pressure drop pL/pR is 105, which corre
sponds to a temperature drop of the same order.
The difference scheme in (5)–(10) does not allow
us to solve these test problems. This implies that the
β
0.7

(a)

0.6

Test 1
Test 2
Tests 5 and 6

0.5
0.4
0.3
0.2
0.1
0

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 α
ρ
(b)
1.0
h = 0.0010
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h = 0.0002
selfsimilar
0.7
solution
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0.4
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0.5 x

Fig. 1. (a) The condition of algorithm stability for test
problems 1, 2 and 5, 6. (b) The distribution of density ρ.
The solution dependence of the grid’s step, α = 0.4,
β = 0.1.
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x
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Fig. 2. Test 2. (a) The distribution of density ρ. The conver
gence of solution on the grid. α = 0.5, β = 0.1. (b) The dis
tribution of internal energy ε. The convergence on the grid.
α = 0.5, β = 0.1.

150

existing regularization in the system of equations is
insufficient to smooth the superstrong discontinuity of
internal energy arising in the initial moments.
Test 4. In this problem a gas flow in the form of two
scattered in gas shock waves is considered; between
these waves the moving contact discontinuity is
located.
A sustainable solution to this problem is obtained
when the parameters of the calculation are 0.3 ≤ α ≤
0.8 and β ≤ 0.01. The convergence of numerical solu
tions on the grid to selfsimilar distributions of density
and internal energy is shown in Fig. 3. The solution
obtained is similar in accuracy to the distributions
given in [8], but during its computation an increasingly
value of the coefficient α = 0.7 is used and this is an
order of magnitude smaller than that used in the quasi
gas dynamic algorithm, with the Courant number
β = 0.01. Thus, in this test calculation the difference
scheme (5)–(10) is less accurate and stable than the
difference scheme based on quasi gas dynamic equa
tions.
Test 5. The flow in this problem is a stationary con
tact discontinuity. At the inflection of the viscosity and
thermal conductivity (Sc = 0) the width of the contact
discontinuity is one step of the grid. The condition for the
stability of this algorithm is shown in Fig. 1a. Figure 4

h = 0.003
h = 0.0015
h = 0.00075
selfsimilar
solution

100
50
−0.3 −0.2 −0.1

0

0.1

0.2

0.3

0.4

0.5 x

Fig. 3. Test 4. (a) The distribution of density ρ. The conver
gence on the grid. (b) The distribution of internal energy ε.
The convergence on the grid.

shows the density distribution in this problem for
Schmidt numbers Sc = 1, 0.1 and 0 for the parameters
of calculation α = 0.5 and β = 0.5. For Sc = 0 it also
shows the convergence of the numerical solutions on
the grid to a selfsimilar solution.
Test 6. Here, the flow is a contact discontinuity that
slowly moving in a gas. The optimal parameters for
stable calculation are the same as in the previous test.
Unlike the previous case the value Sc = 0 leads to
oscillations near the wave front. At Sc = 0.1, as in the
problem of stationary contact decay, the width of the
discontinuity is one step of the difference grid.
The results of the last two tests are similar in accu
racy and stability to the data obtained on the basis of
the quasi gas dynamic algorithm [8]. The domain of
the stability of the algorithm for both tests is shown in
Fig. 1a.
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Fig. 4. Test 5. The distribution of density ρ in the stationary
contact discontinuity. The solution dependence of the
Schmidt number Sc and of a step of the spatial grid.

CONCLUSIONS
The calculations given show that the Sheretov sys
tem of quasihydrodynamic equations describing the
flow of a gas with an equation of type (4) allows uni
form calculations, i.e., without the selection of dis
continuities, we calculate the nonstationary flows with
contact discontinuities and shock waves of low inten
sity. Performing this numerical algorithm is less stabile
and accurate compared to algorithms based on the
quasi gas dynamic system of equations that is limited
by using of the equation of state of ideal gas. However,
the algorithm considered can be widely used in the
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study of transonic flows encountered in technical
applications, for example, flows in chemical reactors,
whose numerical simulations are usually based on the
equation of state of a nonideal gas.
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