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The quasi-gasdynamic (QGD) approach makes it
possible to construct convenient and reliable differ-
ence schemes for the numerical solution of various
gasdynamic problems. Its description can be found in
[1-3]. More specifically, in [2, Chapter 9] (see also
[4]), the Boltzmann Kinetic equation for a mixture of
monatomic gases [5] is used to derive and test QGD
equations for binary mixtures of nonreactive ideal
polytropic gases.

In this paper, we analyze and expand the capabili-
ties of the QGD approach in this area. The original
equations from [2] are rewritten as conservation laws,
which are more conventional in viscous gas dynamics
and convenient for discretization. Additionally, an
external force and a heat source are taken into
account. We briefly discuss the parabolicity of the sys-
tem in the sense of Petrovskii, which ensures that the
system is well defined. An entropy balance equation is
derived, and the entropy production for a gas mixture
is shown to be nonnegative, which ensures that the sys-
tem is physically consistent (but does not hold in all
available descriptions of gas mixtures). Importantly, to
achieve the latter property, the expressions for the
exchange terms in the total energy balance equation
(initially derived only for monatomic gas mixtures) are
properly generalized. Additionally, we introduce a
simplification of the QGD system for binary mixtures,
which is referred to as a quasi-hydrodynamic system
and is used for the numerical simulation of weakly
compressible sub- and transonic flows. At the end of
this paper, we present simplified barotropic versions of
both systems and derive a corresponding energy bal-
ance equation with nonpositive energy production.
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The QGD system for binary gas mixtures a and b
(see [2]) consists of the following mass balance,
momentum, and total energy equations for the gas o

0Py +div(p,u,)
= div{t[div(p,u, ®u,) + Vp,l}, (D

at(paua) + dlv(paua ® ua) + vp(x
= div{r[div(p,u, ®u, ®u,)+V &p.u,

+(V®p,u,) 1} + V{t[div(pu )]} + 8,0 (D)
0,Eq + div[(E, +po)u,]

- div{r[div((Ea +2p)u, ®uy) + V(%|ua|2pa)

+ V_a(p_avpa+pav@ﬂ}+sm, 3)
YOt_l Pa Pa

where o = a, b. Here and below, 0, and 0; denote the
partial derivatives with respect to f and x;, the operators
divand V are taken with respect to x (the divergence of
atensor is taken over its first index), and ® denotes the
tensor product of vectors.

The basic sought functions are the density p, > 0,
velocity u, = (4, ..., 4,,), and absolute temperature
0, > 0 of the gas o, which are functions of time # and
the coordinates x = (xy, ..., x,,), where n =1, 2, 3. The
equations also involve the total energy, pressure, and
specific internal energy

E(x = %pa|ua|2+pa8a7 p(x = R(xp(xeow
S(x = cVaeaa
of the gas o, which is assumed to be ideal polytropic.
R . .
Here, R, = =% (where R, is the universal gas constant

o

and m,, is the molecular weight) and the specific heat
capacity at constant volume cy, are positive constants.
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Additionally, we use the expression p, = (Y4, — 1)Pu€as
R

where y, — 1 = =
Cy,

Moreover, T = t(p,, Py, 0, 0,) > 0 is the relaxation
parameter, and S, ,and Sy , are exchange terms relat-
ing the equations for the gases a and b (their expres-
sions will be given below).

As was noted above, the QGD system (1)—(3) was
obtained only for monatomic gas mixtures, i.e., for

5

Y.= 7, = =, and then was formally extended to the

case of any v, > 1 and v > 1. Note that the right-hand
side of Eq. (3) can be written more compactly by using

the formula
Yo — 1 Py Pa

V(3w

= V(ﬁ(Ea+pa)).

As was recommended in [2] (by analogy with the case

of a single gas), the multiplier a; preceding the term

paV(—“) is introduced into the right-hand side of
p

o
Eq. (3). Here, ap, > 0 is the Prandtl number (for op, = 1,
the multiplier is not necessary).

According to [2, Subsection 3.3], Egs. (1)—(3) can
be rewritten in the following form, which is more con-
ventional in viscous gas dynamics and convenient for
discretization:

0Py +div[p,(u, —w,)] = 0, 4)
0(pau,) +div[p,(u, —w,) ®u,]+Vp,
= divIl, + [p, — tdiv(puy) I1F, + S, o, (5)
OE, + div[(Ey +po)(u, —W,)]

= diV(—qa + Hauoc) + pa(ua - Woc) ’ Foc + QOL + SE,oc (6)
with F, = 0 and Q, = 0. Here, following a well-known
method from QGD theory [2, 3], we add given densi-
ties of body force F, and heat source Q, > 0 to analyze
the system in more generality. The sign - denotes the
scalar product of vectors.

In these equations, the viscous stress tensor I1, is
given by

Ha = HNS(X + Pyl ® ‘,;Va + T[(ua : v)pa

_(Ya_])Qa]H’ (7)
where Ilyg, is the classical Navier—Stokes viscous
stress tensor

+ Yo Podivu,

HNSOL = u(x|:2D(ua) - %(divua)u:|

+ A (divu ),

ELIZAROVA et al.

Dij(ua) = %(azuja + a uza)

with dynamic and bulk viscosity coefficients of the
form

5
Ho = TDq> 7\‘0. = Tpa(g_’Y(x)’ (8)

and [ is the unit tensor (of order n). (N ote that A, =0
is obtained if the terms

V[ w1~ 2) @iva, )t

div[rpa(ya - Q(divua)uaD
are added to the right-hand sides of Egs. (2) and (3) in

the case y, # g , respectively.)

The auxiliary vectors w, and w,, are defined as

W, = l[d‘iv(pmuon ® ua) + Vp(x -

o

pOLFOL] b

VAVOL = i[pa(ua ' V)ua + vpoc - p(xFot]’
p

where p,(u, — w,) is the mass flux density of the gas a.
The heat flux q, is given by the formula
_qa = Kave(x
+ T|:pot((u(x ' V)Sa - E%(u(x : V)p(x) - Q(x:|uot
with the thermal conductivity
o€
o= gy, ©)

K
0(‘Pr
Below, formulas (8) and (9) are replaced by the

general dependences
“0( = “’(X(pot’ e(x)>0! 7\'& = 7\'Ot([)()(’ ea)zos

Ko = K(x(pw eoc) >0.

Importantly, since the exchange terms usually
depend only on the sought functions (but are indepen-
dent of their highest derivatives with respect to x and 7),
the results of [6] that the QGD system for a single gas
is Petrovskii parabolic can obviously be extended to
QGD system (4)—(6) (in the corresponding analysis,
the system splits into nearly independent auxiliary
subsystems for a and b, which are related only in terms
of 7). These results ensure that the system is well posed
mathematically.

The entropy of the gas o and the entropy of the
mixture are given by the formulas

So = SO_(YQ_l)cValnpa'i_CValnsow
Sq N
= %’, P = PatPs
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where S, is a constant.

Theorem 1. The following entropy balance equation
holds for gas mixtures:

9(ps) + div[pys,(u, — W,) + pys,(u, — W,)]

= —div(‘ﬁ + %) +P,,
0, ©

b

(10)

in which the entropy production P, is given by the for-
mulas

TC
+ ReBap iy (pup + P
p(l o
Q 2
X [(ya ~1)8,divu,, + (u, - V), — —=¢ J
2cVQpa

+Qa[1 (Ve 1)Qu} an

4p,
E“NS, lo = 2Ha|[D(“a)|2 + (}\‘a - %ua) (diVlla)z 2 0, (12)

where a. = a, b and |D(u,)|? is the square of the length
D(u,) (as an n>-dimensional vector).

It —1) %

o

<lwitha=a,band

L (8= Sua )+ 1 (Sp, =S, , )20 (13)
0, ’ 0, ’

then P, > 0; i.e., the entropy production is nonnegative.
To prove this result, we consider the entropy bal-
ance equation for the gas a:

at(pas(x) + div[pasa(ua - WOL)]

= —divde 4 1
0, 0,
It is derived by multiplying momentum equation (5)
by u,, subtracting it from the total energy balance
equation (6), and dividing the result by 0,. From this,
we obtain the last (exchange) term on the right-hand
side of (14). Formulas (11) and (12) with Q, = 0 are
derived in [2, 3]. A more concise derivation in a more
general situation (for the equations of state of a real gas
with @, # 0) is presented in [7]. Another form of these
formulas can also be found in [7]. Summing Eqgs. (14)
over a = a, b, we obtain Eq. (10).
The standard exchange terms used in the kinetic
theory of gases (and applied in [2]) have the form [5]

E(x+ei(SE,a_su,a'u(x)‘ (14)

Su,a = Va[}pa(ﬁ_ua)7 SE,a = VaB(E(X_Ea)z
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where v, > 0 is the collision frequency of gas mole-
cules o with gas molecules f3; here, § = b for o = a or
B = a for a = b. Moreover,
0 = Mot My,
m,+m,
1
2

0o = 0, + c,,,[eﬁ— 0, + (—Y-ﬁ‘fi—kl—llziﬂua—ubﬂ
0

3 - A
Eo = Zpglul”+cy py0a,

15)

2m, m,

with C, = Here, the multiplier

(ma + mb)

(y“;—Rl)mE is generalized as compared with [5] (where
0

only the case y, =7, = g was considered) so that the

balance equality holds for the exchange terms in the
total energy equation (see (18) below) (unfortunately,
this point was overlooked in some works, for example,
in [2, 8]). Note the equality

(16)

C,mglu, — ub\z = 2mg|u— uayz.

Below, we repeatedly use the balance equality

where N, is the total number of collisions between gas
molecules a and b.

In view of (16), for the above exchange terms, we
have

1 1
e_a(SE,a_ Su,a : ua) + e_b(SE,b - Su,b : ub)

= Z Va[?)|:1pa(|ﬁ|2_ |ua’2 - (2ﬁ : ua_ |u(x|2))

20,
a=a,b
éa ) _ 1P~ 2
+Cvapa(6—a—1 J = ZbVaBbe—J“—ﬂJ
c m -1),.
+ c,,ap&C,,,(gE - l) + —V“po‘z];(g“ )|u - uaﬂ
o 0VYa

m.
= Ny z e—:\u—uayz

a=a,b

+ Ncolcm[mac,,a(g—b - l) + mchb(%’ - lﬂ

b

If m,e, = myc, or, equivalently, y, = v,, then the

expression in square brackets is nonnegative (since § +
&1 > 2 for & > 0). Thus, condition (13) holds and the

entropy production is nonnegative. This means that
the considered system is physically consistent.
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Recall the following properties of the exchange
terms:

Su,a+su,b:O’ Su,a'ua+su,b'ub

=-N 17)

colwhla - ub|2 <0.

a b

Moreover, under the same condition y, = y,,we have
another balance equality

1 a
SE,a + SE,b = Ncol|:§(ma + ’nb)|u|2

+ Z macl/{x(éa_e(x)_%ma|ua|2:|
a=ab
m,m,

= NCD'[_— |2
2(m, + m,)

|ua_ub

= 0.
(18)

Importantly, a further modification of the second
expression in (15),

+C, ¥ macya(eﬁ—ea)+cm”%mb\ua—uﬂ

a=a,b

By = 0, +C,po(0,—0,)+C, L= DMy 12
o ma\Vp o m 4R a b

0
3
C..:=>(y,—1C
ot z(va )C,

ensures the property m,c, C,, = m,c,C,, (irrespec-
tive of the explicit expression for C,, in the formula
for C,,,). Then, for any v, and vy, (rather than only for
equal ones), we have balance equality (18) and ine-
quality (13), which guarantee that the entropy produc-
tion is nonnegative. The modifications proposed
deserve a further physical analysis.

The QGD system of equations describes gas flows
in the entire range of velocities. In [1—3] a simplified
quasi-hydrodynamic system was presented for weakly
compressible sub- and transonic flows. Performing
similar simplifications in QGD system (4)—(6), we
obtain a quasi-hydrodynamic system of equations for
binary mixtures:

0P + div[p,(u, —w,)] = 0, (19)
at(paua) + div[pa(ua - VAV(X) ® ua] + Vpa
= divITe + p,F, + S, o, (20)

atEoc + div[(Eoc +pa)(uot - VAVOL)]

= div(_(ia + ﬁ&ua) + pa(ua - ‘;](1) : Fa + Qa + SE,ow
21

where T1, = ITyg, + pu, @ W,, —q, = «,V0,, and
o = a, b. This system cannot be directly derived from
the Boltzmann equation. The Petrovskii parabolicity
of this system obviously follows from [9]. Theorem 1
also remains valid for it with the only difference being

ELIZAROVA et al.

that the expression for =, considerably simplifies to
become =, = Eyg 1o + &‘|€va]2 + Q,, while the condi-
T

tion on 1 (connected with Q,) is dropped.

In some applications, the systems represented can
be further simplified. Specifically, this is associated
with passing to the barotropic (in particular, isother-
mal or adiabatic) case and considering only the mass
and momentum balance equations (4), (5) or (19),
(20) supplemented with an equation of state p, =

PalPy), specifically, po(py) = piopy’ With py, > 0 and
Y. 2 1. Inthe general barotropic case, the coefficient y,,
in expression (7) for I, is replaced by the first adia-
_ PaPu(Pa)

Pu(Po)
ity of these systems follows from [9, 10].

batic index I, . The Petrovskii parabolic-

Define the function Py, (r) := J.(f - 1) po(s)ds,
s
where » > 0 and r, > 0. Let the body force density is
suchthat F,(x, 1) = VO (x) + f,(x, ), where VO is the
density of the stationary potential body force and f, is
its perturbation.

Theorem 2. For the barotropic QGD system (4), (5),
the following energy balance equation holds:

O/ Eypoi + Eiy) + divA— P
= z [pa - Tdiv(paua)]fa Uy + pafa : ‘i’q)a, (22)

a=ab
where the potential and kinetic energies of the mixture
have the form

Epol = POa(pa) - pa(Da + POb(pb) - prDb,

1
Ekin = E(pa|ua|2+pb|ub|2)’

A=Y pu(Pialpa) - Py +0.5[uy]")

a=ab

X (uoc - Woc) - Hocuoc’

@’E:=—Z

a=ab

_ Pain 2
{‘:‘NS, la = Su,oc Uy + ?|W®oc|

o

N rl’&‘()_w[dw(paua)f} 23)

is the energy production, and

Woo = — [Pa(Uy - VYU, + Vpo(py) — VD,

a

For p, (p,) =0, o = a, b, the energy production is
nonpositive: P < 0.
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This result is proved by summing the energy bal-
ance equations (see [11, Proposition 1]) for the gases a
and b and taking into account the exchange terms. The
important inequality P ; < 0 follows from (12) and (17).

For the barotropic QGD system (19), (20), Theo-
rem 2 remains valid with the only simplifications being
that the term —tdiv(p,u,) is omitted from the right-
hand side of (22) and the last term is dropped from the
energy production expression (23). Then P < 0 with-

out imposing any conditions on p,, (p,).
Note that all considered equations for binary mix-

tures, together with Theorems 1 and 2, can be directly
extended to the case of T = 1,,.
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