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Abstract—An elegant and easy-to-implement numerical algorithm for simulating f lows of homoge-
neous gas mixtures with component temperatures and velocities assumed to be equal is constructed
and tested. The algorithm yields monotone density profiles for the components even if their specific
heat ratios are widely different. The algorithm can be used to simulate some flows of gas–liquid mix-
tures.

Keywords: homogeneous gas mixture, one-fluid approximation, finite-difference algorithm, regular-
ized equations
DOI: 10.1134/S0965542523070059

INTRODUCTION
Numerical simulation of the behavior of different f luids and, in particular, gas–gas and gas–liquid

mixtures in various f low regimes is important for many domains of science and engineering, including
problems of current interest related to the manufacturing of components for microelectronic devices. Due
to its relative simplicity for practical applications, the description of homogeneous mixtures in the one-
fluid approximation especially in demand. By homogeneous mixtures, we mean ones in which there are
no specific identification of interfaces between the components.

In the one-fluid approximation, the velocities and temperatures of the mixture components are
assumed to be in thermodynamic equilibrium. A wide variety of corresponding systems of equations can
be found in numerous monographs (see, e.g., [1–3]). In two-fluid models of mixtures, the components
of the mixture are assumed to have individual macroscopic velocities and temperatures, which leads to a
significantly more complicated mathematical model of the process with an increased number of equations
in the system. Additionally, we need to take into account exchange terms in the momentum and energy
equations, which account for the interaction between the components of the mixture. The description of
such mixtures is also much bulkier from an algorithmic point of view. At the same time, the applicability
of such models is significantly limited by the applicability of continuum models for nonequilibrium flows
(see, e.g., [4]). Knudsen numbers at which gases can be described in the two-fluid approximation corre-
spond to moderately rarefied gas f lows and belong to a rather narrow range of values. In this paper, our
consideration is restricted to the one-fluid approximation for describing homogeneous mixtures of f luids.

Numerical algorithms for describing homogeneous one-fluid mixtures are abundant, differing in the
original system of equations and its numerical implementation. Specifically, algorithms for gas mixture
simulation based on regularized, or quasi-gasdynamic (QGD) equations in one-temperature and one-
speed approximations for the mixture were described and tested in [5–7]. The first variant of such a system
for rarefied f lows was proposed in [4].

However, numerical computations have shown that mixture f lows with widely different ratios of spe-
cific heats simulated by applying this approach give rise to spurious oscillations of the component densi-
ties, while the total mixture density remains rather smooth (see [7, 8]). In particular, spurious oscillations
of component densities can lead to negative density values in low-density regions. A similar difficulty
arises in using other numerical algorithms. Eliminating this shortcoming results in significantly more
complicated numerical schemes (see [9–12]). For example, in [9, 12], this shortcoming was eliminated by
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1320 ELIZAROVA, SHIL’NIKOV
applying the double f lux method, in which special modifications of numerical techniques are used to
approximate convective f luxes at cell boundaries.

A new variant of regularized, or QGD equations for a gas mixture in two- and one-fluid approxima-
tions satisfying the entropy nondecrease condition for the mixture was proposed recently in [13]. The
equations for the one-fluid approximation are constructed by aggregating the equations for the two-fluid
model. Entropy-consistent difference schemes based on these equations were found applicable to prob-
lems with large differences between component pressures and densities, ensuring that they are nonnega-
tive. However, the resulting algorithm is rather complicated because of the use of a special averaging of
flow variables in the computation of f luxes at cell boundaries.

In this paper, for the first time, we construct and test an elegant and easy-to-implement QGD algo-
rithm for simulating homogeneous gas mixture f lows, assuming that the temperatures and velocities of the
components are identical. The algorithm yields monotone density profiles for the components even if
their ratios of specific heats are widely different. A variant of the algorithm has recently been incorporated
into the open-source OpenFOAM package (see [14]). The implementation of the QGD solver for a one-
component gas within the OpenFOAM platform is described in [15].

In the last section of this paper, we show that an algorithm similar in structure can be used to simulate
a class of problems concerning the interaction of significantly different f luids, namely, gas–liquid inter-
actions. Equations of state are used for both f luids, but a simplified Van der Waals equation of state is
applied for the liquid component.

As an example, the algorithm is used to solve one-dimensional Riemann problems, which clearly
demonstrate the features, advantages, and limitations of the described approach.

1. SYSTEM OF EQUATIONS FOR TWO-COMPONENT GAS
IN THE ONE-FLUID APPROXIMATION

In the one-fluid model, a gas mixture is assumed to have a unified velocity u and a unified temperature
T, while the density, pressure, specific total energy, and other parameters of the mixture are determined
in terms of the parameters of its components as

The equations of state of the components are

(1)
Here, Rk and εk are the gas constant and the specific internal energy of a mixture component, respectively.
The parameters of the mixture are computed as weighted values in the form

(2)

The total energy is given by

The speed of sound in the mixture of gases a and b is calculated using the formula

(3)
Following [3–8], the original system of equations governing the homogeneous mixture of two gases is
chosen in the form

(4)
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(7)

Here, F and Q denote the specific intensities of external forces and heat sources, respectively.
The Navier–Stokes viscous stress tensor  in the form of Newton’s shear stress law and the heat f lux
 in the form of Fourier’s law have the traditional form:

where I is the identity matrix and  and  are the dynamic viscosity and thermal conductivity of the mixture.

2. CONSTRUCTION OF REGULARIZED EQUATIONS 
FOR THE GAS MIXTURE

To construct a regularized version of the original system, we use a procedure for smoothing f low vari-
ables over a short time interval (see, e.g., [16]). A similar averaging of the gasdynamic equations over a
small volume yields regularized gasdynamic equations, which can be found in [4, 17]. Following [16], we
average the system of equations over a short time interval  and assume that the system of equations has
a sufficiently smooth solution. Applying the mean-value theorem to evaluate integrals with respect to time
and assuming that the averaging interval is rather short, we represent the variations in the gas parameters
over the interval time  as the first term of the Taylor series expansion:

After substituting these expansions into the original equations (4)–(7), the first equation of the system
becomes

(8)

To compute the averaged values in Eq. (8), the time derivatives are transformed using the original
equations (4) and (6). Combining Eqs. (4) and (5) with definitions (1) yields the following equation for
the total mixture density:

(9)

Then the momentum equation (6), combined with Eq. (9), is transformed into nonconservative form:

(10)

Dropping the viscous terms from Eq. (10), we find the velocity derivative .

Then, in the averaged equation (8),

This determines a regularizing addition to the regularized equation (8) for the density of component a.
The form of the additions in the momentum and energy equations remains the same as for the QGD equa-
tions for a one-component gas. The details of this procedure can be found in [16].

The resulting regularized system of equations for describing the f low of two gases is given by
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(14)

The auxiliary QGD quantities are small additions to the velocity, viscous stress tensor, and heat f lux
and have the form

(15)

(16)

(17)

(18)
Summing Eqs. (11) and (12) yields a regularized continuity equation of the QGD system for a one-

component gas, namely,

System (11)–(14) differs from the one used in [6–8] primarily in the method for computing the QGD
additions in the continuity equations for the components. It is this modification that ensures no oscilla-
tions behind the contact discontinuity in the numerical experiments. Other modifications, such as the
replacement of  by  in (19), are less important, although they also improve the quality of the
numerical solution.

The regularization parameter is related to the spatial mesh size h and the speed of sound in the mixture
by the formula

(19)

In solving the Euler equations, the viscosity μ and the thermal conductivity κ of the mixture are treated
as artificial regularizers and are computed as

(20)

Thus, there are three free numerical parameters for tuning the dissipation properties of the algorithm:
the coefficient α, the Schmidt number Sc, and the Prandtl number Pr. The baseline values are α = 0.5 and
Sc = Pr = 1.

A numerical algorithm for computing gas mixture f lows on an orthogonal grid is constructed directly
via a difference approximation of system (11)–(19) with the use of central differences for all spatial deriv-
atives. Thus, the scheme has the second order of accuracy. The use of dissipative coefficients of form (19)
and (20), which are proportional to the mesh size h, reduces the order of approximation of the equations
to the first. Note that the additional dissipation of the scheme is strongly nonlinear and depends substan-
tially on the solution of the problem, automatically adjusting to it. A time-explicit conditionally stable dif-
ference scheme was used in the computations.

In the computations presented below, the external force F and the heat sources Q were set to zero.

3. RIEMANN PROBLEM FOR TWO DIFFERENT GASES
As a first example of numerical simulation, we solved the Riemann problem for two different gases.

The formulation of the problem follows [12]. The details of the problem formulation and numerical results
for the simplified regularization from [6] can be found in [8].

The initial conditions in the left and right parts of the domain  differ not only in the pressure,
density, and gas velocity, but also in the properties of the gases, which are air (gas a) and helium (gas b).
The corresponding characteristics are given in Table 1.

Figure 1 presents the numerical results for this problem in the form of density distributions for compo-
nents a and b and their total density calculated by applying the techniques from [6] and system (11)–(14).
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Table 1. Initial values of mixture parameters in the Riemann problem

Domain U Molecular mass P γ

14.54903 0.0 0.0 He, 4.003 5/3
0.0 1.16355 0.0 Air, 28.96 7/5

ρHe ρAir

0 0.5x≤ ≤ 710
0.5 1x≤ ≤ 510
It can be seen that the results based on [6] exhibit strong oscillations in the component densities and neg-
ative density values for gas b. The results based on system (11)–(14) are free of these drawbacks (Fig. 1b).

The numerical results were obtained on a uniform grid of 400 cells with the regularization parameters
α = 0.13 and Sc = Pr = 1. The Courant number was β = 0.2. The computations were carried out until the

time .

As a second example, we solved a variant of Sod’s problem with a large pressure difference at the inter-
face between the components; its formulation is described in [9, 13]. At the initial time, the discontinuity
is located at the point x = 0.5, separating gas mixtures a and b as in the preceding problem with parameters
γa = 1.4, CVa = 1 and γb = 1.6, CVb = 1. The velocity of the mixture is ubeg = 0. For , the component
densities are   and the component pressures are  . To the right of the discon-
tinuity (for ), the densities are  , and the pressures are  . Thus, the
pressure of the mixture to the left of the discontinuity is 2500 times higher than that to the right of the dis-
continuity. In the entire computational domain, the temperature is computed from the equations of state.

The computations were carried until the time  with the following parameters of the scheme:
   and  The numerical results obtained on three spatial grids (N = 500, 2000,

and 4000) are compared in Fig. 2, which clearly shows the basic gasdynamic features of the f low and the
convergence of the method under the mesh refinement. The solution obtained on the coarse grid is
smoothed out. For 2000 and 4000 grid nodes, the differences in the profiles become insignificant. The
numerical results agree well with the reference data from [9, 13].

By choosing suitable tuning parameters for the algorithm, we can find an optimal numerical solution.
An increase in  leads to a smoothing out of the discontinuities, variations in the Schmidt number Sc in
the range 0.1–10 nearly does not affect the numerical result, while an increase in the Prandtl number Pr
from 1 to 4 slightly changes the shape of the temperature profile near the contact discontinuity. A small
defect in the velocity profile near the point x = 0.6 reflects the entropy wake in the contact discontinuity
zone introduced by the used difference algorithm. In the case of an entropy-consistent algorithm
(see [13]), this defect of the scheme becomes nearly indistinguishable.

−= × 4
fin 2.0 10t

< 0.5x
ρ = 1,a ρ = 0b = 500,ap = 0bp

> 0.5x ρ = 0,a ρ = 1b = 0,ap = 0.2bp

=fin 0.011t
α = 0.4, β = 0.2, =Sc 1, =Pr 4.

α
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Fig. 1. Numerical results produced by (a) the scheme from [6] and (b) the present scheme. 
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Fig. 2. Numerical results for Sod’s problem with a large pressure difference.
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4. SHOCK INTERACTION WITH A GAS–GAS INTERFACE

Consider the problem of shock interaction with an interface between gases with widely different ratios
of specific heats (see [10, 11]).

The interface is initially located at the point x = 0.5, separating the materials with γa = 1.35 and CVa =
2.4 on the left and with γb = 5.0 and CVb = 1.5 on the right. These values approximately correspond to high
explosives (material a) and confining materials (material b). Initially, to the left of the interface at x = 0.1
in material a, there is a shock wave moving to the right with velocity 2.3238 relative to the interface. At the
time t = 0.1721, the shock wave collides with the interface. As a result, the transmitted shock wave propa-
gates rightward in material b, while the reflected wave propagates leftward in material a. Figure 3 presents
COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 63  No. 7  2023



QUASI-GASDYNAMIC MODEL AND NUMERICAL ALGORITHM 1325

Fig. 3. The x–t diagram for the problem of the shock–interface interaction according to [10].

x

t

w2w1

w3

w4 w5
the x–t diagram for this problem, which shows the positions of the shock waves and the interface separat-
ing the states with constant values of the f low variables.

Table 2 lists the values of the f low parameters in the domains shown in Fig. 3. The value  means
that this domain contains gas a, while  corresponds to gas b.

φ = 0a

φ = 1a
Table 2. Mixture parameter values in domains with homogeneous states

Parameter Domain 1 Domain 2 Domain 3 Domain 4 Domain 5

ρ 1 1.9 2.7647 3.9581 2.5786

u 0 0 1.4833 0.9304 0.9304

p 1 1 4.4468 7.2498 7.2498

φa 0 1 0 0 1
The computations were carried out until the time  on two grids (N = 500 and N = 4000) the
same as in [10, 11]. The numerical results are shown in Fig. 4. A further mesh refinement does not affect
the results. For the standard values of the artificial dissipative parameters Sc = Pr = 1, the total density
profile exhibits a small dip at the interface caused by the excessive numerical smearing of the density com-
ponent profiles. This defect was completely avoided by choosing suitable dissipation parameters, together
with decreasing in the spatial mesh size of the difference scheme (see Fig. 4b). The best values of the dis-
sipative parameters are   and  Stable computations with these parameters are
ensured at the maximum Courant number . Note that the shock waves are well resolved on the
coarse grid, whereas the situation with the contact discontinuity is different. On the coarse grid in this
domain ( ) the profiles of both total density and its components exhibit nonmonotonicity. Addi-
tionally, a defect in the velocity profile is observed there. On the fine grid, these defects become hardly
noticeable, which is well seen in Figs. 4b–4d.

The results of the QGD computations were found to be similar to both the self-similar solution and the
data produced by the second-order accurate algorithms from [10] and [11].

5. RIEMANN PROBLEM FOR TWO DIFFERENT GAS MIXTURES

In the previous problems, the halves of the computational domain initially contained two different
gases, while a gas mixture occupied only a small domain near the interface. Now, we consider the Rie-
mann problem for gas mixtures with different component concentrations to the right and left of the dis-
continuity. The discontinuity initially is located at the point x = 0.5, separating mixtures of the same gases
as in the preceding problem. Recall that the gas parameters are γa = 1.35, CVa = 2.4 and γb = 5.0, CVb = 1.5.

=fin 0.25t

α = 0.5, =Sc 0.3, =Pr 5.
β = 0.25

≈ 0.57x
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Fig. 4. Profiles of f low variables in the problem of the shock–interface interaction. 
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The initial conditions are specified as follows: the temperature in the entire computational domain is a
constant equal to Tbeg = 1.5, and the velocity is ubeg = 0. For , the densities of the components are

 and  To the right of the discontinuity (for ) the densities are  and 
Thus, the pressure to the left of the discontinuity is nearly four times higher than the pressure to the right
of the discontinuity.

The computations were carried out until the time  with the following parameters of the
scheme:    and  The numerical results obtained on two spatial grids (N =
500 and N = 5000) are compared in Fig. 5, which clearly shows that the quality of the solution is improved
under the mesh refinement.

This problem has no analytical solution. However, its formulation implies that a shock and a rarefac-
tion wave should propagate rightward and leftward, respectively. Between them, there is a contact discon-
tinuity. All these characteristic features are fairly well resolved even on the coarse grid with N = 500.

6. SIMULATION OF TWO-PHASE GAS–LIQUID MIXTURE

The numerical algorithm proposed in the first sections of this paper was generalized to the gas–liquid
interaction in the approximation when the liquid is described by the stiffened gas model (see, e.g., [9, 18–
20], and numerous references therein).

< 0.5x
ρ = 2a ρ = 1.b > 0.5x ρ = 1a ρ = 0.2.b

=fin 0.15t
α = 0.5, β = 0.2, =Sc 0.4, =Pr 1.
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Fig. 5. Riemann problem for two mixtures.
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This approximation is based on a modification of the equation of state for the liquid component. Spe-
cifically, the ideal gas law is supplemented with an additional term obtained by simplifying a Van der Waals
type equation of state. The corresponding formulas are written according to [19] as follows:

The additions to the pressure are chosen so as to ensure the necessary speed of sound in the liquid. For
gases, the additions to the pressure are set to zero.

The total speed of sound is computed using the formula

The equations of state of the mixture are modified as follows:

Our variant of computing  in the form of a weighted value of the pressures proves to be effective for mix-
tures with domains of zero densities of the component a or b.

According to [19], for air and water, the corresponding quantities have the following values:
—air (component a):   (J/(Kg K)),  (Pa).

—water (component b):   (J/(Kg K)),  (Pa).
As an example, we present the numerical results obtained for the Riemann problem in the air–water

medium. The problem was solved in the formulation described in [19].

∞
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k k k k k k
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∞ ∞
∞ ∞
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p pT C C p p
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Fig. 6. Riemann problem in the air–water medium. 
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According to [19], the following initial conditions were specified in the computational domain
 m:

The computations were performed on grids with 500 and 5000 nodes until the time  s.
The best values of the dissipative regularization parameters were   and 

Stable computations with these parameters were ensured at the maximum Courant number . The
spatial mesh sizes were equal h = 0.02 and 0.002 m, respectively. The time steps were about 2 × 10–6 and
2 × 10–7 s, respectively.

The numerical results obtained on the 500 and 5000 grids are displayed in Figs. 6 and 7.
The presented distributions exhibit the characteristic features of the f low, namely, the rarefaction wave

in the air in the x zone from 4 to 5 m, the air–water interface for x ~ 5.5 m, and the shock wave in the water
for x ~ 8.5 m. It is well seen that the results obtained on the grids of 500 and 5000 nodes differ rather little,
which suggests that the algorithm has good accurate. Note that the results agree well with those from [19],
although a high-order accurate method was used in [19], while the QGD algorithm is formally first-order
accurate in time and space.

Additionally, Fig. 8 demonstrates the convergence of the numerical solution under mesh refinement
up to 20 000 nodes. The figure presents a fragment of the velocity distribution with most noticeable dif-
ferences in the numerical results. It can be seen that the unphysical step in the velocity distribution within
the water–air interaction zone is smoothed out as the spatial step size decreases.

≤ ≤0 10x

( )
( )

= ρ = ≤

= ρ = >

9
air water

5
water air

( , , ) 10 Pa, 0, 308.15 K , 0 for 5 m,
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p U T x
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=fin 0.002t
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COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 63  No. 7  2023



QUASI-GASDYNAMIC MODEL AND NUMERICAL ALGORITHM 1329

Fig. 7. Densities of the components (N = 5000). 

10864
X, m

20

12 000

10 000

�a

�b

8000

6000
D

en
si

tie
s,

 k
m

/m
3

4000

2000

0

Fig. 8. Grid convergence of the algorithm. Fragment of the velocity distribution.
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As the air pressure at the discontinuity decreases, the numerical experiments show that the instability
of the velocity at the interface grows, as can be seen in Fig. 8, which then leads to the instability of the com-
putation of the whole problem.

The numerical experiments and an analysis of the algorithm showed that a stable numerical solution
in the simulation of a gas–liquid mixture can be obtained if the gas pressure is on the order or higher than
the additional pressure in the liquid:

(21)

If condition (21) holds and the components have an identical pressure at the gas–liquid interface, then,
in the numerical computation, the boundary of the contact discontinuity does not move, the f low veloc-
ities remain strictly zero, and the boundary is smeared by artificial viscosity over one spatial grid cell.

∞≥ .a bp p
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If relation (21) does not hold, then the numerical solution becomes unstable, which is associated with
the simplified description of the liquid with the help of the two-term Van der Waals equation.

When the problem is solved numerically with low gas pressure values for which condition (21) does not
hold, the value of  can be reduced artificially. However, a decrease in  leads to an unphysically low
speed of sound in the liquid, the f low computation remains stable, but its results are inadequate.

CONCLUSIONS
An extremely simple mathematical approach to f low simulation for a mixture of widely different f luids

has been presented. The mixture f low is described by transport equations for the densities of the compo-
nents and for the total velocity and temperature of the mixture. The temperatures and velocities of the
components are assumed to be identical. The interface between the components is not identified explic-
itly.

For gas mixture f lows, by applying the given algorithm, a supersonic unsteady f low with components
having widely different ratios of specific heats was simulated without exhibiting numerical oscillations of
gas component densities in the zone of their small values.

To compute f lows of immiscible f luids of the gas–liquid type, the method was modified by applying a
simplified Van der Waals equation of state. As a result, the computations could be performed without
explicit identification of the interface, provided that the relation between the gas pressure and the addition
determining the speed of sound in the liquid is satisfied.

The accuracy of the QGD computation varies depending on the regularization coefficients , Sc, and
Pr. With a suitable choice (tuning) of these coefficients, the accuracy approaches the one of a second-
order scheme. The results of the QGD computations with suitably chosen dissipative coefficients were
found close to the self-similar solution and data produced by second-order accurate algorithms (see [10,
11, 19]). The method demonstrates grid convergence.

As a further development of the described approach, the artificial viscosity and thermal conductivity
of the mixture can be replaced by their actual values with the preservation of the regularizing QGD addi-
tions. By analogy with QGD algorithms available for one-component gases, the described method was
generalized to multidimensional f lows and unstructured meshes in its implementation within the Open-
FOAM platform (see [14]).
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